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Abstract:

Ayedi et al. established coupled coincidence and coupled
common fixed  point result. Recently Erdal Karapinar, Billur
Kayamakcalan and Kenan Tas [19] improved and extend the coupled
fixed point of Ayedi et al.[2] Now we prove some recent coupled fixed
point theorem in partially ordered G-metric spaces.
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INTRODUCTION AND PRELIMINARY:

One of the simplest and the most useful result in the fixed point
theory is a Banach Contraction Principal [6 ].These principal
has been generalized in different direction in different spaces
by mathematicians.

In [2 ] Ayedi et al. establised coupled coincidence and
coupled common fixed point results for a mixed g-monotone
mapping satisfying Non-linear contraction in partially ordered
G-metric spaces .These result generalize those of Choudhary
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and Maity [9]. Consequently Erdal Karapinar ,Billur
Kaymakcalan and Kenan Tas improved the result of Ayedi et
al.

Definition 1.1 Let X be a non-empty set, and G : X XX XX—R+
be a function satisfying the following properties:

(G1) G(x,y,2) =0,if x =y =z,

(G2) 0 < G(x, x,y) for all x, y € X with x #y,

(G3) G(x, %, ¥) <G, vy, z) for all x, y, ze X with y # z,

(G4) Gx,y,z) =GEX, z v =Gy, 2z, x) = - (symmetry in all
three variables),

(G5 Gx, v, z) <G, a,a) + G@a, y, z) for all x, vy, z, a ¢ X
(rectangle inequality).

Then the function G is called a generalized metric or, more
specially, a G-metric on X, and the pair (X,G) is called a G-
metric space.

Every G-metric on X defines a metric dG on X by
dG(x,y) = G, y,y) + G(y, x, x), forall x, y €X. (1.1)

Example 1.2 Let (X, d) be a metric space. The function G:
XXxXxX—[0,+0), defined by

G(x, y, z) = max{d(x, y), d(y, 2), d(z, x);}

or

G, y,z) =dx,y) +d(y, z) + d(z, x), for all x, y, z € X, is a G-
metric on X.

Definition 1.3 Let (X,G) be a G-metric space, and let { x,} be a
sequence of points of

We say that (x,) is G-convergent to x € X if lim n,m—+w
G(x, Xy, Xp) = 0, that is, for any e > 0, there exists N € N such
that G(x, Xy, Xm ) < &, for all n,m > N. We call x the limit of the
sequence and write X,—xX or lim n—+ow X, =X .

Proposition 1.4 Let (X,G) be a G-metric space. The following
are equivalent:
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(1) {x,} is G-convergent, to x

(2) G(xp, X, X, )—0 as n—+oo,

(3) G(xp, x,x )—0 as n—+oo,

(4) G(xp, X5, X )—0 as n ,m —+oo,

Definition 1.5 Let (X, G) be a G-metric space. A sequence {x,}
is called a G-Cauchy sequence if, for any ¢ > 0, there is N € N
such that G(xp, Xy, , X)) < e for all m, n, 1 >N, that is, G(x,,
Xm, X)—0 asn, m, 1 —>+oo,

Proposition 1.6 Let (X, G) be a G-metric space. Then the
following are equivalent:

(1) The sequence {x,} is G-Cauchy,

(2) For any e > 0, there exists N € N such that G(x,, Xy, Xm ) <&,
for allm, n > N.

Proposition 1.7 Let (X,G) be a G-metric space. A mapping f: X
— X is G-continuous at x,if and only if it is G-sequentially
continuous at x,, that is, whenever (x,) is G-convergent tox,,
the sequence (f (x,)) is G-convergent to f (x).

Definition 1.8 A G-metric space (X,G) is called G-complete if
every G-Cauchy sequence is G-convergent in (X,G).

Definition 1.9 Let (X, G) be a G-metric space. A mapping F: X
xX—X 1is said to be continuous if for any two G-convergent
sequences {x,} and {y,} converging to x, y respectively, {F(x,,
yn)t 18 G-convergent to F(x, y).

Let (X, <) be a partially ordered set and (X, G) be a G-metric
space, g : X — X be a mapping.

A partially ordered G-metric space, (X, G, <), is called g-ordered
complete if for each convergent sequence {x,}p=oC X, the
following conditions hold:

(1) if {x,} is a non-increasing sequence in X such that x,— x
implies gx < g x, ,vn € N,
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(2) if {y,} is a non-decreasing sequence in X such that y,— y
implies gy >gy,, Vn € N.

Moreover, a partially ordered G-metric space, (X,G, <), is called
ordered complete when g is equal to identity mapping in the
above conditions (1) and (2).

Definition 1.10 An element (x, y) € X X X is said to be a
coupled fixed point of the mapping F : X xXX—-X if F(x, y) = x and
F(y,x)=y.

Definition 1.11 An element (x, y) € X XX is called a coupled
coincidence point of a mapping

F:XxX—>Xand g : X—X if F(x, y) = g(x), F(y, x) = g(y).
Moreover, (x, y) € X XX is called a common coupled coincidence
point of F and g if F(x, y) = g(x) = x, F(y, x) = g(y) = y.

Definition 1.12 Let F : X x X »X and g : X —»X be mappings.
The mappings F and g are said to commute if g(F(x, y))= F(g(x),
g(y)), for all x, y € X.

Definition 1.13 Let (X,<) be a partially ordered set and F : X x
X —X be a mapping.

Then F is said to have mixed monotone property if F(x, y) is
monotone non-decreasing in x and is monotone non-increasing
iny, that is, for any x, y € X,

1<%, = F(x1,y) < F (x,,y), for x4, x, € X,

And y;<y; = F(x,y;) <F(xy; ), fory;,y, € X.

Definition1.14 Let (X,<) be a partially ordered set and F : X X
X — X and g : X—X be two mappings. Then F is said to have
mixed g-monotone property if F(x, y ) is monotone g-non-
decreasing in x and is monotone g-non-increasing in y, that is,
for any x, y € X,

g(xy) < g(x2) = F(xq, y) < F(x2, ), for x4, x; € X,) and (1.2)

g(y1) <8(y2) = F(x, y2) < F(x,y1), fory; ,y, € X. (1.3)
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Let @ denote the set of functions @~ : [0,00)—[0,0) satisfying
(a) @~({0}) = {0},

(b d()<tforallt>0,

(c) im r »t+ @(r)<t forall t> 0.

Main Result:

Theorem-2.1 Let (X, <) be a partially ordered set and G be a G-
metric on X such that (X ,G) is a complete G-metric .Suppose
that there exist ®e®, X x X »X and g: X —-X such that

[G(f(x y), f(u, v), f(w, 2)) 1 + [G(f(y, %), f(v, ), f(z, w))] <
[G(gx, gu, gw) + G(gy,gv,gz)] — @ [G(gx, gu, gw) + G(gy, gv,gz)] (2.1)

For all x, y, u, v, w, ze X with gw < gu < gxandgy < gv <
gz.suppose also that f is continuous and has the mixed g-
monotone property,f(X X X) € g(x) and g is continuous and
commutes with f. If there existxg, ypeXsuch that gx, < f(xq,¥0)
And f(yq,%x¢) < gy,. then f and g have a coupled coincident
point ,that is there exist (x,y)eXxX such that
gx = f(x,y)and gy = f(y,x)

Proof: Given xg,yoeX satisfying gxo < f(Xq,Vo) and f(yq, x¢) <
gyowe shall construct iterative sequence (x,) and (y,) in the
following way;f(X x X) € g(X),we can choose

X1,y1€X such that gx; = f(xq,y0) and gy, = f(yg, X¢). similarly we
can choose

X,,¥2€X Such that gx, = f(x4,y1) and gy, = f(y1,x1). Since f has
the mixed g —manotone property, we conclude that gx, < gx; <
gx, and gy, < gy, < gy,, we get from above
gxn = f(Xn-1,Yn-1) < 8Xn+1 = f{(Xp, yn) and g¥n+1 = f(yn, Xn) <
gYn = f(Yn-1,Xn-1)
If for some ny we have (8%50+1,8Yno+1) = (8%no, 8Yno), then

f(Xno, ¥no) = 8%no and f(yno, Xno) = 8¥no, that 1s
fand g have acoincidence point. So we assume that
(8Xn+1, 8Yn+1) # (8Xn, gyn) for alln € N, Thus we have either
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g%Xn+1 = (X, Yn) # 8Xn O g¥ns1 = f(Yn, Xn) # Y,
We define s, = G(gXn+1, 8%n, 8%n) + G(8Yn+1, &Yn, &Yn) (2.2)
for all n € NDue to the property (G2).we have s, >0 for all
n € N.By using inequality (2.1),
G(gXn+1,8%n,8%n) + G(8Yn+1, 8Yn) 8Yn) = G(f(xn'Yn)r f(Xn-1,Yn-1)» f(an—ngn—l))
+ G(f(yn, Xn), f(Vn-1, Xn-1), f(8Yn-1,8%n-1))

S [G(an, an—l,an—l) + G(gan gy"—l,gy"—l)]
~0[G(g%n 8%n-1,8%n1) + G(&Yn 8Yn-18Yn-1)1(23)
Sn < Sp—1 — B(Sp-1) (2.9

Since @(t) < tforallt > 0,it follows that s,is monotone
decreasing. Therefore, there is some s = 0 such that lim,_,, s, =
S.
Now, we assert thats= 0. Suppose, on contrary, thats >
0.Letting n » +oo

= li < i -
S nl_l)I;I_loo Sn < n1_1)rJ£1OOs B(s) <s
This is a contradiction. Thus s = 0. Hence
im0 Sp = nHTmG(an+1 » 8%n, 8%n) + G(8Yn+1,8Yn, 8Yn) = 0 (2.5)
Next we prove that (gx,), (gy,)are Cauchy sequence in G metric
space (X, ). suppose on contrary, that at least one of
(gxn), (gyn) 1s not a Cauchy sequence in (X,G). then there
existe > 0 and sequence of natural number (my)and (ng) such
that for every natural number k, (my) > (ny) = kand
e = G 8Ximy B 8ny) + G (8Ymy Vi 8 ) = € (2.6)
Now corresponding to (ng),we choose (my) to be smallest for
which (2.6) holds. Hence
G( 8Xmy_,» 8Xny 8%n, ) + G (gYmk_lngnngnk) <e
Using rectangular inequality and Gs ,we get
e < I'y

< G g%m; 8¥myys B¥my;) + G( SXmy_y» B¥nyo 8y )

+G (&Y BYmys &mics ) + G( BYmyyr B Vi)

= G( ngk_ngnk! ank) + G( gYmk_ngIlk' gYIlk) + Smk_1

<€ +Sm,_, 2.7)
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Letting k —» +o0 in the above inequality and using (2.6), we get
limy_ Ty =€ (2.8)
Again, by rectangle inequality, we have
i = G( 8Xm,8n 8n,) + G (2Vm, 2Vn,Vn, )
< G( 8¥m, B¥my. B¥my,) + G( By, B¥n s B¥ny,) + G( 8Xny, 8¥nyo 8Xn,) +
G 8Ymy Y micsrr 8 misr) + G( 8y 8 s 8niss) + G( 8y, &Y 8Yny) +
= Sn, + G( 8%m, 8Xm, 1 8¥my,,) + G 8Ym\ 8Ymy, By, )
+G( 8Xmyey, Py B¥niyr) T G( 8 miy 1 8y 8xnis,)
Using the fact thatG(x,y,y) < 2G(y, x,x) for any x,y € X,we obtain
Mk < Sy + 2 G( 8Xm, 8Xmyo 8Xmyy,) + 2G( 8 my 8Ymio 8Ymycy;)
G Xy, B 12 B¥nisr) + G B BV By )
= Sy + ZSmk + G( ngk+1gxnk+1’gxnk+1) + G( 8Ymyy18Ynyy 1 gynk+1)
Next, Using inequality (2.1), we have
G 8¥my, BXnirr B¥niyy) + G BYmyy 181 8V )
= G (£(kmy Y ) € Y ) £t Yy ) ) + G (Em X ) £y X ) (i X))
< (G( 8Xm, &Xnyo 8%n,) + G (gYmk'gYnngnk)>

-0 (G( BXm, 8Xny 8Xn, ) + G (gYmk’gYnngnk))
<1k — (M)
2.9
By using (2.5), (2.8) and letting k — oo, we get,
€ Slli_r)gork—(b(rk) <e
This is contradiction. So (gx,), (gy,) are Cauchy sequence in G
metric space (X,G).Since (X,G) i1s complete then there exist
x,yeX such that (gx,) and (gy,) are G-convergent to x and y.
from proposition 1.4, we have
lim G(gxy, x,x) =0 and lim G(gyn,y,y) =0
Using continuity of g, we get from proposition 1.7,
lim G(g(gxn), 8%, gx) = 0 and  lim G(g(gyn), 8y, 8y) = 0
(2.10)
Since  gxp41 = f(Xn,yn) and  gyniq = f(yn, xn) ,employing the
commutativity of fand g,
8(8%n+1) = 8(f(xn, yn)) = £((g%n, 8Yn))
8(8n+1) = 8(f(yn, xn)) = g(f(gyn, 8xn)). (2.11)
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Now we shall show thatf(x,y) = gxand f(y,x) = gy

The mapping f is continuous, and since the sequence
(gxn) and (gy,) are respectively G-convergent to x andy, Using
definition 1.9, the sequence (f(gxy,, gyn))is G-convergent to
f(x,y). Therefore from (2.11), (g(gxn+1)) 1s G-convergent to f(x,y)
By uniqueness of the limit and using (2.10), we have f(x,y) = gx.
Similarly, we can show that f(y,x) =gy. Hence
(x,y) is a coupled coincidence point of fand g.This completes the
proof.

Theorem-2.2: Let (X, <) be a partially ordered set and G be a
G-metric on X such that (X, G, is a complete G-metric.
Suppose that there existded, X x X »X and g : X -X such
that

[G(f(x,y), f(u, v), f(w, 2)) ] + [G(f(y, %), f(v, u), f(z, W))] <

[G(gx, gu, gw) + G(gy, 8v, gz)]

— @ [G(gx, gu,gw) + G(gy, gv, 82)] (2.1)

For all x, y, u, v, w, ze X with gw <gu<gxandgy <gv<
gz.suppose also (g(x),G) is complete, f has the mixed g-monotone
property,f(X X X) € g(x). If there exist xq,yoeXsuch that gxy <
f(x9,v0) And f(yq,%x¢) < gyo.then f and g have a coupled
coincident point.

Proof: proceeding exactly as in Theorem 2.1.We have
(gxp)and(gy,) are Cauchy sequence in the complete G-metric
spaces(g(x), G). Then there exist x,y € X such that

8x, = gxand gy — gy.

Since(gx,) is non — decreasing and(gy,,) is non — increasing

Then we have 8x, < gxand gy < g, foralln = 0.Ifg, =
gxand gy = g, _for some n>0,

Then gx=gx, <gxXn41 S g =gxXy and gy =gyny1 < g¥n =gy,
which implies that gx, = gx,41 = f(xXn, Vo) and gy, = gynsq =
f(yn, Xp),that is a couple coincidence point of fand g.then we
assume that g(xp, y,) # (gx, gy)foralln > 0.
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Then by rectangle inequality ,we have
G(f(x,y), gx, %) + G(f(y, %), gy, 8y) < G(f(X ¥), 8Xn+1, 8%Xn4+1) + G(8Xn11, 8%, 8X)
+ G(f(y,%), 8Yn+1,8Yn+1) + G(8Yn+1,8Y, 8Y)
= G(f(X, Y)' f(an Yn)l f(Xn' le)) + G(gX“+1, gX' gX)
+ G(f(y, %), f(yn, Xn), £ (¥, Xn)) + G(8Yn41,8Y, 8Y)
< {G(gx, 8%n, 8%n) + G(8Y, 8Yn, 8Yn)} +
{ G(gxn+1, 8% 8%) + G(gYn+1 8y, 8Y)}
— ®{G(gx, gxn, 8%n) + G(gY, 8Yn, 8Yn)} +
{ G(gxn+1,8% 8%) + G(gyn+1,8Y, 8Y)}
As n - o0 in above inequality, we have

G(f(x,y), gx gx) + G(f(y,x), gy, 8y) = 0,
Which implies that gx = f(x,y)and gy = f(y,x). Hence (x,y) is a
coupled coincident point of fand g.
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