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Abstract  

The problem of plane steady motion with moderate Peclet 

number of incompressible and variable viscosity fluid is addressed to 

announce a class of exact solutions in von-Mises coordinates. The class 

is characterized by an equation relating a differentiable function 
)(xf

 

and a stream function


. The successive transformation technique is 

applied for exact solutions. The study finds
)(xf

 arbitrary in one case 

and a specific value in other case.  In both the cases, this discourse 

shows an infinite set of new exact solutions for moderate Peclet 

number.  

 

Key words: Variable viscosity fluids, Navier-Stokes equations, 

Exact solutions to incompressible fluids, Martin’s system, von-Mises 

coordinates, Moderate Peclet number. 

 

 

1 Introduction 

The momentum of moving fluid element in presence or absence of body 

force is given by Navier-Stokes equations (NSE) but its mathematical 

structure is complex. A variety of techniques/methods including 

references given in [1-6] finds some exact solutions of NSE.  Moreover 

recently Mushtaq A. et. al. [7], applied a new technique for exact 

solution of equations for flow of fluids possessing variable viscosity. 

Mushtaq A. [10, 14], and Mushtaq A. et. al. [11-13] applied successive 

transformation technique to find exact solutions for flow of 



 

Mushtaq Ahmed- On Two-Dimensional Motion of Incompressible Variable 

Viscosity Fluids with Moderate Peclet Number Via von-Mises Coordinates 

 

 

EUROPEAN ACADEMIC RESEARCH - Vol. VII, Issue 2 / May 2019 

1313 

incompressible fluids of variable viscosity with body force. The 

successive transformation technique used in [10-14] was to first 

transform the basic equations in curvilinear coordinates ),(  . The 

resulting equations were then transformed defining the curvilinear 

coordinate   as streamline, selecting the curvilinear coordinate   in 

some specific way and assuming angle   between these coordinate 

curves. In fact the idea of this transformation is a loan from Martin [15] 

where the curvilinear coordinate   is defined as streamline and the 

curvilinear coordinate   is left arbitrary therefore the coordinates 

 ,  will be called here as “Martin’s coordinates”. 

  The arbitrary coordinate lines constant  of Martin’s 

coordinates system  ,  can be set in many ways. For example, the 

technique of [10-14] was to retransform the basic equations taking 

angle   between Martin’s coordinates taking the coordinate   along 

the radial direction. Another example is the von-Mises 

coordinates ),( x  here the coordinate lines constant of Martin’s 

coordinates is taken along axisx   thus the  function x  and 

stream function   of Martin’s coordinates as independent variables 

instead of y  and x  [16].  

This communication first transforms the basic non-dimensional 

flows equations from Cartesian space ),( yx  to Martin’s coordinates 

then to von-Mises coordinates ),( x . It further characterizes the 

streamlines of the class of flows under consideration by  

const.
)(




a

bxfy
       (1) 

Where )(xf  is a differentiable function and 0a , b  are constants. 

The equation (1) implies  

)()(  xfy       (2) 

where ba   )( .  

 

The paper is organized in sections: Section (2) gives basic non-

dimensional flow equations and transforms them into Martin 



 

Mushtaq Ahmed- On Two-Dimensional Motion of Incompressible Variable 

Viscosity Fluids with Moderate Peclet Number Via von-Mises Coordinates 

 

 

EUROPEAN ACADEMIC RESEARCH - Vol. VII, Issue 2 / May 2019 

1314 

system ),(  . Section (3) retransforms the basic equations to von-

Mises coordinates. The exact solutions to the problem are given in 

section 4. Conclusions are given at the end. 

 

2. Basic non-dimensional equations in Martin’s 

coordinates  

 

Consider the following non-dimensional form of the fluid flow model 

for steady plane motion of incompressible fluid of variable viscosity 

with constant thermal conductivity with no heat addition [7] 

 

xu + yv = 0        (3) 

u xu + v yu = xp +

eR

1
])}({)2[( yxyxx vuu        (4) 

u xv + v yv = yp +

eR

1
])}({)2[( xxyyy vuv         (5) 

u xT + v yT =

re PR

1 )( yyxx TT  +

e

c

R

E
])()(2[ 222

xyyx vuvu    (6) 

Where u , v  are the components of velocity vector ),( vuq , T  is 

temperature, p  pressure,  the viscosity. These five quantities are 

function of x  and y . The Reynolds number, the Ecart number and 

the Prandtl numbers are denoted by eR , cE  and rP  are respectively. 

The product of eR  and rP  is Peclet number eP  . The solution of these 

equations for very large and very small eP   can be found where as 

finding solutions for moderate eP   is challenging [17-22].  

 

A stream function ),( yx  satisfies equation (3) such that   

yu   xv        (7) 
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The equations (4-6) in manageable form by introducing the vorticity 

function   and the total energy function L  defined by  

 = xv  yu         (8) 

L = p + 
2

1
)( 22 vu   

eR

1
)2( xu             (9) 

are 

–v  = xL +

eR

1
yA                       (10) 

u   = y

e

y B
R

L
1

  +

eR

1
xA      (11) 

u xT + v yT =

eP 

1
)( yyxx TT   + 

e

c

R

E  22 4
4

1
AB 


                   (12) 

where    

A  = )( xy vu   and B = xu4      (13) 

 

Consider a curvilinear coordinate system ),(  in the  

planeyx ),(  through transformation  

),( xx   ,  ),( yy       (14) 

such that the Jacobian J = 
),(

),(



 yx
of the transformation is non-

zero and finite. Follow Martin [15], let   be the angle between the 

tangent to the streamlines .const  and the curves .const  at 

a point ),( yxP , then  

)tan(  = 





x

y
          (15) 

2ds = ),( E
2d  + 2 ),( F d d  + ),( G 2d  (16) 

and  

E  = 
22

 yx   , F  = x x + y y  , G  = ( x )2 + ( y )2   (17) 
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Differentiating equation (14) with respect to x  and y , and solving 

the resulting equations 

y =  J x , y = J x , x = J y ,  x =  J y   (18) 

and   

J  =  
2FGE  =  ( x y  y x ) =  W    (19) 

Trigonometric identities on equation (15) and equation (18) provides 

x  = E )(Cos , x  = 

E

1
[ F )(Cos  J )(Sin ] 

y  = E )(Sin , y  = 

E

1
[ F )(Sin + J )(Cos ] (20) 

The integrability conditions: 

 x  = x   y  = y      (21) 

for x  and y , yield: 

 = 
E

J 2
11

,  = 
E

J 2
12

                 (22) 

wherein 

2
11  = ]2[

2

1
2  EEFEFE

W
  ,

2
12 = ][

2

1
2  EFGE

W
  (23) 

Equation  (21), applying the integrability condition     for 

),(  , yields 



























 













 



E

W

E

W

W
K

2

12

2

111      (24) 

where K is called the Gaussian curvature.  

Now equations (10-11), on substituting equation (15), equation (18), 

equation (20) , equations (22-23)  simplifies to following   

 

EJRe  = LEJRe +   2sin22cos)( 22 FJJFA   

+ EA  )2cos2sin  FJ   –








  2cos2sin)(

2

1 22 FJJFB  
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+ BE 







  2cos2sin

2

1
JF     (25) 

and 

0 =– LJRe +  2cosAE –   2sin2cos JFA   

+ 







 

2sin2sin
2

1
JFB  – 


2sin

2

BE
  (26) 

Differential geometry [23], says that  

)( yyxx TT  = 
J

1






















 








 









J

TFTE

J

TFTG
 (27) 

The expression yx TvTu   becomes
J

T
, thus equation (12) on using 

(27) becomes 

eP J

1






















 








 









J

TFTE

J

TFTG =–

e

c

R

E  22 4
4

1
AB 


+

J

T
 (28) 

and 

J

E
q          

  (29) 

where 
22 vuq   .  

 

Equation (13) on substitute equations (18-23), provides 

),( B =
3

4

EJ


[

2)cossin(  JFE  –2 )cossin(  JFE   

 )cossin(   JF   + )sin2sin( 22   GJE  ] ,  (30) 

),( A = [
524

)sincos(

JE

JF  
 

{ )sincos2( 3  EFJEE   

 –  cos4 22 JJE    sin2 FEE  +  sinEEE } 
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 +
32

cos

J


{ )cossin(  JFE  –  cos2EJ   sinGE }   

+
32

)cossin(

EJ

JF  
{ )2(  EJEJ  sin  

+ cos  ]2[  EEFEFE  } 

 
32

sin

J


{ )cossin((  FJE  –  sin2EJ +  cosEG }] (31) 

In Martin’s system, equation (8) becomes  

yyxx uuvv         (32) 

Equation (32) on substituting equation (15), equation (18) and 

equation (20) provides    

 =
32

)cossin(

EJ

JF  
{ )2(  EJEJ  sin + cos  

]2[  EEFEFE  } 

 
32

sin

J


{ )cossin(  FJE  –  sin2EJ +  cosEG }] 

 +
524

)sincos(

JE

JF  
{ )sincos2( 3  EFJEE   

 –  cos4 22 JJE    sin2 FEE  +  sinEEE } 

 – [
32

cos

J


{ )cossin(  JFE  –  cos2EJ 

 sinGE } ]  (33) 

The basic system of non-dimensional partial differential equations for 

the problem concerned in Martin’s system comprises of equations (25-

26), equations (28), with equations (30-31) and equation (33).  

 

3.  Basic equations in von-Mises coordinates  

  

In order to achieve the objective of this discourse set  

x         (34) 
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The equation (15), equation (17), equations (19), equations (30-31) and 

equation (33) reduces to 

E

1
cos         (35) 

 2)(1 xfxE          (36) 

xaJ         (37) 

2

4

xa
B


        (38) 

  )(2)(
2

xfxxfxx
xa

A 



    (39) 

 
xa

xfx



)(

      (40) 

The equations (25-26) and equation (28) on utilizing equations (34-40), 

give  

 eR = LRe – xa xA + M A + B    (41)  

0 =  – xe LR +
xa

MA )1( 2
+ xAM  –

xa

BM 
   (42) 

xxTxa xTM 2 + T
xa

M )1( 2
+   xe TPa   + TM   

= –  22 4
4

AB
PExa rc 


  (43) 

and 

)(xfxM         (44) 

Considering xx LL    on equations (41-42) yields  

xxAxa xAM2 –  
A

xa

M 21 + xAa – MA 
 –











 


a

Bf
Bx

= xe wR  (45) 

Finding solution of the equation (45), the generalized energy 

function L  from equation (41), temperature distribution T equations 

(42),   from equation (38) or equation (39), the velocity vector 
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),( vuq  from equation (7), p  from equation (9), and streamlines 

from equation (2) are determined.   

 

4. Exact solutionsThe compatibility equation (45) involves the 

functions A , B  and derivative of )(xf .  For its solution this 

discourse eliminates   from the function A  and B . The equation 

(38) and equation (39), on eliminate  , provides 

A= )(xX B         (46) 

where 

 MMxxX 2
4

1
)( 


       (47) 

provided   02  MMx . 

Use of equation (46) in equation (45), gives  

xxBXxa  – )21( XM  xB +  )1( 2MXM
xa

B



 + 

 XXxBa x 2  

–  XMXMB 2  +  XxBa  =










 

xa

M
Re    (48) 

Since the coefficients of xxB , xB , B , xB , B  and B  are all 

functions of x  only therefore the solution of equation  (48) is of the 

form 

 

B = )(xG + )(xK        (49) 

 

where )(xG and )(xK are to be determined.   

Equation (48) on substituting equation (49) gives  

 

  [ x X )(xK  +( X + 2 x X  ) )(xK   + ( X + x X  ) )(xK ]  

+[ Xxa )(xG   +  XrXa  2 )(xG +  Xxa )(xG ]  
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= 










 

xa

M
Re  + a )21( XM  )(xK  + a  XMXM 2  )(xK   (50) 

Since x and   are von-Mises coordinates therefore equation (50) 

provides 

x X )(xK  +( X + 2 x X  ) )(xK   + ( X + x X  ) )(xK =0  (51) 

and  

Xxa )(xG   +  XrXa  2 )(xG +  Xxa )(xG  = )(1 rZ  (52) 

where  

)(1 xZ = 









 

xa

M
Re

 + a )21( XM  )(xK  + a  XMXM 2  )(xK (53) 

Equation (51) in exact differential form is  

0
)(










dx

KXd
x

dx

d
       (54) 

Equation (54) implies  

)()(

ln
)( 21

xX

k

xX

xk
xK        (55) 

where 1k  and 2k  are constants. 

Equation (52) in exact differential form is  










dx

GXd
x

dx

d )(
= )(1 xZ       (56) 

Equation (56) implies    

)(xG  =
X

1
 [

x

1
dxxZ )(1 ] dx +

X

kxk 43 ln 
   (57) 

where 3k  and 4k  are constants. 

On substituting equation (55) and equation (57) in equation (49), one 

can have   

B = 
X

1
 [

x

1
dxxZ )(1 ] dx +

X

kxk 43 ln  + 






 

X

kxk 21 ln
   (58) 

Viscosity from either from equation (40) or equation (41) is  

),(  x =
4

2xa [
X

1  [
x

1
dxxZ )(1 ] dx +

X

kxk 43 ln  + 






 

X

kxk 21 ln ] (59) 
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The solution of equations (41-42) implies the following expression of 

function L    

LRa e
=–








 

xa

M
Re

 +  XGxa  – )1( XMKa   















2

2
XKxa  

+   dxXGMa 


+   dxMaMXa
x

K
 








 )1( 2 + 1p  (60) 

The temperature distribution T is determined from equation (38). 

Equation (43) on utilizing equations (58-59), become  

xxTxa xTM 2 +
T

xa

M )1( 2 +   xe TPa   +
TM   

 = 
x

X )41(PE 2
rc  { )(xG + )(xK }   (61)  

Equation (61) suggests seeking solution of the form   

)()( 21 xTxTT        (62) 

 

The use of equation (62) in equation (61), gives  

}2,1{for),(
)(

1 


 
  xZT

xa

Pa
T e

, (63)  

where  

)(2 xZ = )(
)41(PE

2

2
rc xG

xa

X
+2 M 2T + M  2T   (64) 

)(3 xZ = )(
)41(PE

2

2
rc xK

xa

X
.    (65) 

The solution of equations (63) and (64) are 

)(xT  = 

































 

dxdxxZxx a

Pa

a

Pa ee

)(1

)()(



 + H 



dxx a

Pa e )(

+ 2H  (67) 

where 4,...2,1, iH i  are constant. 

Therefore, temperature distribution moderate Peclet number is 

obtained by substituting equations (64-67) in equation (62) 

for }2,1{ . Thus, exact solutions for arbitrary )(xf is found.  

 

 Now   02  MMx  implies 0A  and    
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2
2

1
2

1
)( cxcxf         (68) 

The compatibility equation (48) on substituting (68) provides   

0






 







a

Bf
Bx       (69) 

The solution of equation (69) is 

31
211 )(

2
cdxxIbx

a

bc
B       (70) 

Where 1c , 2c , 3c , 1b are constants and  )(xI  is function of 

intergation.  

 

Equation (41) utilization of equation (70) provides     

 =
4

2xa








 31

211 )(
2

cdxxIbx
a

bc
    (71) 

 

The solution of equations (41-42)  is   

Re L  = 









2

1
1

Re2

a

c
b – 

211

2
x

a

bc
+ 0M    (72) 

where 0M  is a real constant. 

 

The energy equation (43) on employing equations (69), equations (71-

72),  becomes 

a 2x xxT – 2 
1

c 3x rT + )1( 42

1
xc

a

x
 T – 2

1
c 2x T + 

x )( ePa  rT   

= rc PE  







 31

211 )(
2

cdxxIbx
a

bc
    (73) 

Equation (73) suggests  

T  = 
3

1A +
2

5 )( xT + )(4 xT + )(3 xT    (74) 

Equation (73), employing equation (74), provides 
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a 2x 5T  + x )( ePa  5T   = 
2

116 xAca     (75) 

a 2x 4T  + x )( ePa  4T   = 5
3

14 Txca   + 5
2

14 Txca  

– )1(6 42
11 xcxAa   + rc PEb1                                        (76) 

a 2x 3T  + x )( ePa  3T   = 4
3

12 Txca   + 4
2

12 Txca – 

5
42

1 )1(2 Txcxa    + 







 dxxIx

a

bc
cPE rc )(

2

211
14  (77) 

When 0)(  ePa the equations (75-77) give  

)(5 xT = 
)2(

3 2
11

ePa

xcAa


+ a

P

e

e

x
P

na




1
+ 2n , 0)2(  re PRa  (78) 

)(4 xT = 
)5(5

6 52
11

ePa

xcAa




)(

6 1

ePa

xAa


 +

)2)(4(

9 42
11

2

ee PaPa

xcAa

 
 

 +
)2(

2 2
2

1

ePa

nxca


+ a

P

e

e

x
P

na




1
+ 4n –

e

c

R

xEb ln1
     

+
 

)2(

)2()(2 31
2

131
2

11

ee

e
a

P

PaP

nnxcPnnxcaxna

e











, 

where  0)2(  ePa , 0)4(  ePa , 0)5(  ePa   (79) 

)(3 xT = 6n +  dxxM )(1      (80) 

)(1 xM = 





 

 

a

Pa e

xn

)(

5  

+ 
dxxdxxIx

a

bc
cPEx a

Pa

rc
a

Pa ee


















 






 







 

  )(

211
14

)(

)(
2

 

+    





 







 

 

dxxTxcxaTxcaTxcax a

Pa

a

Pa ee )(

5
42

14
2

14
2

1

)(

)1(222  

         (81) 

and 1n , 2n , 3n , 4n , 5n , 6n are non zero constants.  
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Therefore, temperature distribution is obtained by substituting 

equations (78-81) in equation (74) for moderate Peclet number. Thus, 

exact solutions for )(xf  given by equation (68) is found when 

0)(  ePa .  

 

When 0)(  ePa , equations (76–78) yield 

87
2

115 3)( nxnxAcxT        (82) 

10

3
)(

52
11

4

xcA
xT  +

4
1

2
13 xAc +

3
71

3

4
xnc +

2
812 xnc  

– xxA ln6 1 + xnA )6( 91  – x
a

PEb rc ln1
+ 10n   (83) 

)(3 xT =   12112 )( nxndxdxxM      

  (84) 

where 

)(2 xM xcTxc 141 22  – )()1(
2

5
42

1 xTxc
x

  

+ 







 dxxIx

bc
c

xa

PE rc )(
2

211
142

    

 (85) 

and 7n , 8n 9n , 10n 11n , 12n are non zero constants. 

 

Therefore, temperature distribution is obtained by substituting 

equations (82-85) in equation (74) for moderate Peclet number. Thus, 

exact solutions, for )(xf  given by equation (68), is found 

when 0)(  ePa .  

 

5. Conclusion 

  

The following dimensionless parameters  

 

0

*

L

x
x   

0

*

L

y
y   

0

*

U

u
u   

0

*

U

v
v    
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0

*




   

0

*

p

p
p   

0

1*

1
F

F
F   

0

2*

2
F

F
F   

where the thermal conductivity .0 Constkk  , density 

.0 Const   and .Constcc pv   is used for writing the 

basic equations governing the two-dimensional steady motion of 

incompressible fluid of variable viscosity in non-dimensional  form.   

Successive transformation technique is used in finding a class 

of new exact solutions of the basic non-dimensional equations with 

moderate Peclet number in von-Mises coordinates. The exact solutions 

are determined for arbitrary and non-arbitrary )(xf . For arbitrary 

)(xf  the streamlines .const  are  bxfy )( and for 

2
2

1
2

1
)( cxcxf   the streamlines are 








 bcxcy 2

2
1

2

1  

where 21 and cc  are constants.  In both the cases an infinite set of 

velocity components, viscosity function, generalized energy function 

and temperature distribution for moderate Peclet number can be 

constructed. The graph of streamlines can be drawn using computer 

algebra system software to observe the streamline patterns.  
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