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Abstract:
Given two graphs G and H , the Cartesian product, G o H is

the graph whose vertex set is V (G) x V (H ) and the set {(u1, v1), (uz,
vz )} is an edge if and only if exactly one of the following is true.

(i) ur =uz and {vi,vz2}isanedgein H.

(ii)) vi =ve2 and {u:, uz}is an edgein G.
A star graph Sm, also known as a complete bipartite graph Kim, is
a graph whose vertex set consists of two disjoint sets Vi ={c} and V2
={v1, vz, ..., vn}, known as partites, such that no two vertices in Vz
are adjacent but all of them are adjacent to c. A hamiltonian graph
is a graph that contains a cycle containing all its vertices. Clearly,
Sm is not hamiltonian for all m > 1.

In this paper the following shall be proven:

Let G be a hamiltonian graph, Cn be a cycle graph and Kn be
a complete graph, all of orders n, and Sm be a star graph, m > 1,
then

1. Cn o Sm is hamiltonian if and only ifn>m, n>3

2. Kn o Sm is hamiltonian if and only ifn>m, n>2

3. G o Sm is hamiltonian if and only if n > m.

1 Some Preliminaries

For a better understanding of the paper, some terms will be
defined.
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A graph I consists of an ordered pair (V (I'), E(I')) where V
(I') is a non empty set and E(T) is either a set of two element
subsets of V (I)) or is empty. The elements of V (I') are called
vertices and the elements of E(I') are called edges. If {u, v} is
an edge of I' then we say that u and v are adjacent to one
another.

The number of vertices of a graph is known as its order
and the number of edges is called size. We usually symbolize
by p(I') and q(I') respectively. The degree of a vertex u, deg(u)
1s the number of vertices in I' adjacent to u.

The complete graph Kn is a graph whose order is n and
every distinct vertices are adjacent to one another. Thus, the
degree of every vertex in Kn is n — 1. The complete bipartite
Kr,m is a graph whose vertex set V (Kr,m ) is a union of two
disjoint sets V1 and V2, known as the partites such that if
two vertices are 1n the same partite then, they are not
adjacent. Furthermore, every vertex in one partite is adjacent
to every vertex of the other partite. K1,m is also known as
star graph and is denoted by Sm . Let V (Sm) = V1 U V2,
where V1 = {c} and V2 = {vl, v2 ..., vm } be the distinct
partites of Sm, then we shall call ¢ as the center of Sm.

A graph may be illustrated as follows: small circles or
dots may represent the vertices, and the edges may be
represented by lines or curves joining vertices which are
adjacent to one another.

Sy
Ky

Fig. 1 Complete graph of order 5, K5 and star graph S4
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2 Cartesian Product of Graphs

Given graphs G and H, a new graph may be formed known
as the Cartesian product of G and H writtenas Go H. IfI'=
GoH, then
V{I)=V(G)xV H) and the set {(ul,vl), (u2,v2)}
is an edge if and only if exactly one of the following is true:
1. ul=u2 and {vl,v2}isanedgein H, or
2. vl=v2 and {ul, u2}isan edgein G.

Intuitively, the cartesian product Go Sm is a graph formed
by “replacing” each vertex of Sm with G and edges are formed
according to definition.

Example 2.1.
Consider '=K2 o S2.
Let VEK2)={ul,u2}and V(S2)={vl,v2}U{c}. Then,
V@) ={(ul, vl)(ul, v2)ul,c)(u2,vl)(u2, v2)(u2, c)}
E@) ={{(ul, vl), (ul, c¢)}, {(ul, v2)(ul, c)}, {(u2, vl), (u2, c)},
{(u2,v2), (U2, c)}, {(ul, vl),

u2,vl)}, {(ul,v2), (u2,v2)}, {(ul,c), (U2, c)}}

Ty vy vg

K2

Fig. 2 Complete graph K2 and star graph Sz

Figure 3 below is the Cartesian product of K2 o S2 . One can
see that each vertex of S2 was replaced by K2 and
corresponding adjacency among vertices were made.
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(w1, m1) (1, w2)
Fieimhy

Fig. 3 Cartesian product of K2 o S2
3 Hamiltonian Graph

A path Pk of a graph 1is sequence of adjacent vertices
ul ,u2,...uk such that no one vertex 1is repeated. A
closed path or cycle is a sequence of adjacent vertices ul ,
u2,...uk,uk+l such thatul =uk+l and no other vertex
is repeated in the se- quence. A cycle graph or n- cycle Cn is a
graph of order n and whose vertices form a cycle.

Cy
Figure 4: Graph of the cycle raph C5

A graph H is said to be hamiltonian if we can find a cycle in H
that contains all its vertices. This cycle is known as a
hamiltonian cycle or a spanning cycle. Notice that a complete
graph Kn , n > 3 is Hamiltonian while a star graph is not.

It 1s a known fact in graph theory that the cartesian
product of hamiltonian graphs is again hamiltonian. But what
about the cartesian product of graphs of which one is not
hamiltonian? This paper will prove the following.

EUROPEAN ACADEMIC RESEARCH - Vol. ITI, Issue 3 / June 2015
2966



Aurea Z. Rosal- On the Hamiltonicity of Product Graph G o Sm, for a Graph G
of Order n, and Star Graph Sm, n>m
Let G be a hamiltonian graph, Cn be a cycle graph and Kn be a
complete graph, all of orders n, and Sm be a star graph, m >
1, then

1. Cn o Sm is hamiltonian if and only if n>m, n>3

2. Kn o Sm is hamiltonian if and only if n >m, n> 2

3. G 0 Sm is hamiltonian if and only if n > m.

Proposition 3.1. The cartesian product Cn Sm, m > 1 is
hamiltonian if and only if n > m for n > 3.

Proof.

Let I' = Cn Sm . Without loss of generality, assume V (Cn ) =
{ul,u2,...,un}and thatul ,u2,...,un, ul isitscycle.
Also, let V.(Sm ) ={c} U {vl, v2, ..., vin }, where c is the

center of Sm . Then:

vir) =CJ{|:|1, villi =1,2,...,m}uU {(u;,e)|i=1,2,...,n}
1
n n—1
E(T) =U{{[r1,- vl (ug, e)}i=1,2,... ,m} U {U{{I:H; vi)s (wapr,v5) Hi = 1,2, ,m}:|
1 1
n—1
U {{ (w1, v5), (un, v ) Ha = 1,2, m} {U {{ (s, ), (r!._-+1.(')H:| U {{{us,c) (un,c)}}
1

Suppose I' is hamiltonian, then there exists a cycle C that
contains all the vertices of I'.  Consequently, C will contain a
path that will pass through all the vertices of I'. Notice that
all paths connecting vertices with second coordinates vi and
vj (distinct), must contain a vertex (u, c¢) for some u € V (Cn).
Thus, there exists n —m vertices with second coordinate c that
will be left “unvisited”, after any path connecting vertices
with second coordinates vi, v2, ... vm have been constructed.
It follows that n — m >0 or n > m. Since Cn is a cycle, then n >
3.

Suppose n>m, and Cn is a cycle, then n>3. Also, m
>1. So,n—m>2>1. Consequently, n — (m — 1) >3 > 1. Thus,
1<n-(m-1)<n. Consider now the following table.
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P artites c
Vi Ui uz us Un
V2 Un Ui uz Un—1
V3 Un—1 Un Ui e Un—2
Vm Um Um+1 | Um+2 | ... | Uh—(m-1)
Un—m
Uz

Using the above table as guide, we now form the following
cycle:
(ul,vl), w2,vl), w3,vl),..., (un,vl)un,c), (un, v2),
(ul,v2), (u2,v3),...,
(un—1,v2)@un—-1,c)(un-1,v3), (un,v3), (ul,vd),...(un-2,
c),...,(um,c), (um, vm ),
(um+1,vm ), (um+2,vm) ..., (un—(m-1),c), (un—m,c), ...,
(ul,c), (ul,vl)
Clearly, above is a spanning cycle of I' and thus, it is
hamiltonian.

-ged.-

We now consider the case of Kn Sm. For n =1, 2, Kn does
not contain a cycle. We shall prove however that for n > 2 and n
> m, the cartesian product is hamiltonian.

Proposition 3.2. The product graph Kn o Sm , m >1, is
hamiltonian if and only ifn >m and n> 2.

Proof.
Let VEKn)={ui,uz2,...,un}and V(Sm)={vi, vz, ..., vm}
U {c}, c = vk for all k. Note that for all i =j, ui is adjacent to uj
and the elements of {vi,vz,...,vm} are not adjacent to any
vertex in the set but all of them are adjacent to c.

Let '=Kn Sm be hamiltonian. If n=1 and m > 1 then
K1 1is simply a single vertex and K1 o Sm ~= Sm , which is
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not Hamiltonian. This contradicts the assumption that I' is
hamiltonian. For I'=K2 o S1, it is simply C4 . Clearly this
1s Hamiltonian. Thus, n > 2. Also, since I' is hamiltonian, then
there exists a cycle C that contains all the vertices of I
From proof of previous theorem, it follows that n > m.
Conversely,letn>2, and n>m. If n=2, thenm =1, 2.
Now, K2 S1 is C4 and thus hamiltonian. K2 o S2 isjust
the graph

(u2,v1) (uz,c) (a2, v2)

(u1,v1) (w1, ) (1. v2)

The cycle (u1, vi), (u1,c), (ur, ve), (uz, vz ), (uz, c), (uz, vi),
(u1, v1) 1s the required hamiltonian cycle.

For n > 3, Kn is hamiltonian and thus contains a
spanning cycle. From the proof of previous proposition, there
exists a spanning cycle for Kn o Sm . It follows that the graph
1s hamiltonian. Therefore, Kn o Sm is hamiltonian whenever n
> 2.

Example 3.1.

(ua.c)

(uy,c) (ua,c)

(uare1) ; /K—X M
L 0

(uy, o) (ua, v1) (1, v2) (ua,v2)

K308,

Fig. 6 Cartesian product of K3 and S»

Lastly, we prove the more general case for any graph G of
order m.
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Proposition 3.3. Let G be a hamiltonian graph of order n.
Then G oSm , m > 1 is hamiltonian if and only if n > m and n >
3.

Proof.
If G is hamiltonian, then G contains a spanning cycle. Hence,
its order n must be greater than or equal to 3. We can now
apply Proposition 3.1 and thus theorem is proved.

—qed—

Conclusion

From the propositions presented in this study, one could see
that the Cartesian product of two graphs which are not
Hamiltonian may be Hamiltonian. Also, that the Cartesian
product of a Hamiltonian graph with the star graph is always
Hamiltonian.

Recommendation

Currently, work on the Cartesian product of a Hamiltonian
graph with K:s is being studied where neither r nor s is 1.
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