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Abstract:
Numerical differentiation is the process of finding the

numerical value of a derivative of a given function at a given point. In
general, numerical differentiation is more difficult than numerical
integration. This is because while numerical integration requires only
good continuity properties of the function being integrated, numerical
differentiation requires more complicated properties such as Lipschitz
classes.

There are many applications where derivatives need to be

computed numerically. The simplest approach simply uses the
) . fleth)-fix)
c . . . x)=lim ————— .
definition of the derivative’ ©=1% A for some small numerical

value of R =1,

In previous chapters we are developed forward, backward and
central difference approximation of first and higher order derivative.
Recall that at best these estimate hah error that were o(h?)- that is
their errors were proportional to the square of the step size . We will
now illustrate how to develop more accurate formulas by retaining
more terms.
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INTRODUCTION

Consider a function of a single variable y=f(x). If f(x) is defined
as an expression, its derivative may often be determined using
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the techniques of calculus. However, when f(x) is a complicated
function or when it is given in a form, we use numerical method
.Here, we will discuss numerical method for approximating the
derivatives fO(x)r>1 of a given function f(x) .The accuracy
attainable by these method would depend on the given function
and the order of the polynomial used . If the polynomial fitted is
exact then the error would be theoretically zero. In practice,
however, rounding errors will introduce errors in the calculated
values.

NUMERICAL DIFFERENTIATION:

In the case of numerical data, the function form of f(x) is not
known in general. First we have to find an appropriate form of
f(x) and then obtain its derivatives. So “Numerical
differentiation” is concerned with the method of finding the
successive derivatives of a function at a given argument, using
the given table of entries corresponding to a set of arguments,
equally or unequally spaced. Using the theory or interpolation,
a suitable interpolation polynomial can be chosen to represent
the function to good degree of approximation in the given
interval of the argument. For the proper choice of interpolation
formula, the criterion is same as in case of interpolation
problem, In case of equidistant values of x, if the derivative is to
be found at a point near the beginning or the end given set of
values, we should use Newton’s forward near the middle of the
give set of values, then we should use any one of the central
difference formula. However, if the function is not known at
equidistant values of x, we shall use Newton’s divided
difference or Lagrange’s formula.

METHODOLOGY

Formula for Derivatives:
1-Newton’s forward difference formula is
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-1 (u—1)(u-2
Y=yo +uAyo + ( )Azy uu3—!(u)A3YO 4. (1)
_Xx—a
= @
where
differentiating eqn.(1)with respect to u, we get
2u-1 3u’-6u+2
E_Ay + = Ayo"'%Asyo (3)
dlfferentlatmg eqn. (2) with respect to x, we get
T2 @
dx h

We known that

dy _dy du _ 1

—[A 3ul-6u+2
dx  du'dx ht Yot

AZYO + TA3YO] (5)

2u-1

Expression (5) provides us the value of Z—i/ at any which is not
tabulated.

Formula (5) becomes simple for tabulated values of x, in
particular when x=a and u=o putting u=o in(5), we get

d 1 1 1

(Dxea= Myw—zAﬁ%+§A%%—zAﬁ%+~nj(@
differentiating eqn.(5)with respect to x, we get

d’y d (dy) _d (dy> du

dx?  dx\dx) ~ du\dx/dx
1 18 11 1
= [0%yo + (u — DA%y, + (—”*)A‘*yo nE
1 18 11
;[%+W—DM%+3—JiﬂM%“mu)

Putting u—O in eqn.(7), we get
dZ
Cxma = 75 B2y — B3y + = Ay, — ) (8)

Similarly, we get

d3
G =73 (%Yo =A% + ) (9)

dx3/X=
And so on.

Formulae for computing higher derivatives may be obtained by
successive differentiation.

Aliter: We known that

E= ehd »1+A = ehd
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hd =log (1+A)= A——+—3——4+

i — — — — — ---2
D= (A 2+ + )
imj om LA M8 ALy = La2_p3 4 _
Similarly, D 2(A St -7t (A% —A + A

And D= (8% —2A%+ )

2-Newton’s backward difference formula is

u(u+1) Ju(ut1)(u+2)
Y=yn +uVyn + Viynt+ ) Viynt......... (10)
Where u== hxn (11)
differentiating eqn.(10)with respect to u, we get
2 = Uyt (L) Pyt () Wyt (12)
dlfferentlatlng eqn.(11)with respect to x , we get
du 1
dx h
ay _ dy du
Now, T dn I (13)
1 2u+1 3uP—6u+2
= [Vyn () Voynt( L )Vt 1(14)

Expression (14) provides us the value of Z—z at any x which is

not tabulated.
Atx= xn, we have u=0
Putting u=0 in eqn. (14) , we get
d 1 1 1
(dy) X=xXn —Z [Vyn'l'E VZYn'i‘E V3Yn+ .......... ] ..... (1 5)
differentiating eqn.(14)with respect to x , we get

dy d (dy) _d (dy) du

dx?  dx\dx) ~ du\dx/)dx
= [Voyut (et DVPyt B2yt (16)
Putting u=0 in eqn. (16) , we get
LA 3., 4114
(dXZ) X=Xn n? [V Yn+v Yn+12 \% VYo eeeeenanen ] ..... (17)
Similarly,
d? 1 3
(dx{ X=xXn :E [V3Yn+5 V4Yn .......... ] ..... (18)
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Formulae for computing higher derivatives may be obtained by
successive differentiation.

Aliter : We known that

E1=1-V

e ~hd=1.V

-hd=log(1-v)=- [V + %szn+§ V3yn+% Viynt.....]

=D= = [V 45 Vyuks Vywky Viyak.....]

AISO D2_ [V+ VZYn+ V3Yn+i V4Yn+ ..... ]2

Similarly,
DBZ% [V3yn+; Vynt.....] and so on.

3-Stirling’s central difference interpolation formula is

Y=yo +
Ay +Ay_; w?-1%) Ay +A3y_, 2(u?-12)
;l'(y ;V)_I_ Az}/1 uu3! (yz y)_l_u u4! A4y_2
(19)
Where u=—"......... (20)

Differentiating eqn.(19)with respect to u , we get
d_y (Ay0+Ay 1) + UAZY— (Bu?-1) (A V- 1+A y_ 2) + (4-u 2u) A4y 4

du 6
(21)
Differentiating eqn.(20)with respect tox , we get
du 1
iy (22)
dy _ dy du

Now dx  du’dx

Ayo+Ay_, 3u?-1) Ay +A%._, 4u’-2
_E[(y+y)+uA2y1+(u )(y;y)+(u4!u)A4y_2+
(23)

Expression (23) provides us the value of Z—z at any x which is not
tabulated.

Put x=a, we have u=0

Putting u=0 in eqn.(23) , we get
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dy _1 Ay0+Ay 1 1 Ay _1+A3y_, iAsy_z+A5y_3_
()oa = T[22y 2 (A2th ey L0Vl
(24)

Differentiating eqn.(23)with respect to x , we get

?y d (d_y) _d (dy) du

W ~ dx \dx du\dx/ dx

[(Azy L+ (A Y- 1‘|'A Y- 2) + (6u -1) A4 Voo + (Zu 3u) Asy_ ZZASZV 3+]
(25)
Putting u=0 in eqn.(24) , we get
E)ea = = (B2yy — = Aty o + =A%y g — ) (26)
And so on.

Formulae for computing higher derivatives may be obtained by
successive differentiation.

RESULT AND DISCUSSION

We have already introduced the mnotion of numerical
differentiation in previous chapters and we employed the
Taylors series expansion to derive the finite divided difference
approximation of derivatives. In previous chapters we are
developed forward, backward and central difference
approximation of first and higher order derivative .Recall that
at best these estimate hah error that were o(h?)- that is ,their
errors were proportional to the square of the step size .This
level of accuracy is due to the number of terms of Taylor’s that
were retained during the derivation of these formulas . We will
now illustrate how to develop more accurate formulas by
retaining more terms.
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