
 

9428 

 
ISSN 2286-4822 

www.euacademic.org 

EUROPEAN ACADEMIC RESEARCH 

Vol. IV, Issue 11/ February 2017 

                                                   
Impact Factor: 3.4546 (UIF)   

DRJI Value: 5.9 (B+) 

 
 

 

The Expansion of Al-Zughair Transform 

 for  Solving Euler’s Equation  

 

 

ALI HASSAN MOHAMMED 

University of Kufa 

Faculty of Education for Girls 

Department of Mathematics 

BASHIR ABD AL-RIDA SADIQ 

University of Kufa 

Faculty of Education for Girls 

Department of Mathematics 

AYMAN MOHAMMED HASSAN ALI 

University of Kufa 

Faculty of Education for Girls 

Department of Mathematics 

 

 

Abstract:  

     In this paper, we introduce Expansion of Al-Zughair 

transformation. Also, we introduce properties, theorems, proofs and 

transformations of the constant functions, logarithms functions and 

other functions. Also, we introduce how we can use this transform and 

it's inverse to solve the L.O.D.E with variables coefficients (Euler's 

equation) which has the   general form:  

   
 
   

   
    

   
     

     
        

  

  
      ( )    

 

where            are constants and  ( ) is a function of  . ( Al-

Zughair transformation is discovered by prof. Ali Hassan 

Mohammed).see[1]  
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The Expansion of Al-Zughair transform 

 

Definition(1):[1] Al-Zughair transform for the function  ( ), 

we denote by  [ ( )]  where    [   ] is defined by the following 

integral : 

 [ ( )]  ∫
(   ) 

 

 

 

  ( )    ( )                                                 ( ) 

Such that this integral is convergent ,      

From (1) , 

                      
     

 
         

                                        ( )         

Hence ,we can define  

 [ ( )]  ∫  
 

 

  ( )    

This formula call  Expansion of Al-Zughair transform. 

 

Property(1) : (Linear property) 

  [  ( )    ( )]    [ ( )]    [ ( )], where A and B are 

constant , the functions  ( ) and  ( ) are defined when   [   ] 

 

Proof: 

 [  ( )    ( )]  ∫  
 

 

  [  ( )    ( )]   

                         ∫  
 

 

   ( )    ∫  
 

 

   ( )     ∫  
 

 

  ( )     ∫  
 

 

 ( )    

               [ ( )]     [ ( )]                        

 

Transformations for some functions: 

 

We are going to find the Expansion of al-Zughair transform for 

some functions, like the constant functions, logarithm 

functions, polynomial functions and other functions.  
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Proof: 
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2- If   ( )                           ,      
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Proof: 

 [ ]  ∫  
 

 

       ∫  
 

 

     
    

   
|
 

 

 
 

   
 

3- If   ( )         (   ),      

 [  ]  
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Proof: 

 [( ) ]  ∫  
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4- If   ( )  (   )              ,      

 [(   ) ]  
(  )    

(   )   
 

Proof: 

if   n=1             

                        [   ]     ∫  
 

 

       

Integrate  by  part, 
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if   n=2 
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Integrate  by  part, 
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if   n=3 

 [(   ) ]  ∫  
 

 

(   )     

Integrate  by  part , 
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if   n=4 

 [(   ) ]  ∫  
 

 

(   )     

Integrate  by  part , 
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Thus , 

 [(   ) ]  
(  )    

(   )   
                 

6- If   ( )     (     )              ,      
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Proof: 
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7-If   ( )     (     )              ,      
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8- If   ( )      (     )  |   |               ,      
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Proof: 

 [     (     )]  ∫  
 

 

    (     )     ∫  
 

 

(
             

 
)   

            



Ali Hassan Mohammed, Bashir Abd Al-Rida Sadiq, Ayman Mohammed Hassan Ali- 

The Expansion of Al-Zughair Transform for  Solving Euler’s Equation  

 

 

EUROPEAN ACADEMIC RESEARCH - Vol. IV, Issue 11 / February 2017 

9433 

    ∫  
 

 

(
       

 
)    

   

 
(∫    

 

 

   ∫    
 

 

  ) 

                             
   

 
*
               

     
 
               

     
+
 

 

  
   

 
[

 

     
 

 

     
]          

                              
  

(   )    
                                         

9- If   ( )      (     )  |   |           ,      

 [     (     )]  
   

(   )    
 

Proof: 

 [     (    )]  ∫  

 

 

     (     )    ∫  

 

 

(
             

 
)              

 ∫  
 

 

(
       

    
)    

   

 
(∫    

 

 

   ∫    
 

 

  )     

                        
   

 
*
               

     
 
               

     
+
 

 

 
   

 
[

 

     
 

 

     
]               

                         
   

(   )    
                                         

Theorem(1): 

If  [ ( )]     ( ) and a is constant , then  [    ( )]     (  

 ) 

Proof: 

  [    ( )]  ∫  
 

 

    ( )     ∫    
 

 

 ( )       (   ) 

For example:  

    [     (     )]  
   

(   )    
        

   [    (   ) ]  
   

(   ) 
                         

Definition(2): 

Let  ( ) be a function where    [   ] and  [ ( )]    ( ),  ( ) 

is said to be an inverse for the Expansion of al-Zughair 

transform 
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and written as    [ ( )]   ( ) where     returns the 

transformation to the original function. 

 

For example: 

   [
 

   
]                                              [ ]  

 

   
 

   [
 

  (   )
]           (   )          [  ]  

 

  (   )
 

   *
(  )    

(   )   
+  (   )                      [(   ) ]  

(  )    

(   )   
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(   )    
]     (     )                                              

         [    (     )]  
  

(   )    
 

   [
   

(   )    
]      (     )                    |   |                    

         [     (     )]  
   

(   )    
 

     has the linear property as it is for Expansion of Al-Zughair 

transform .i.e 

     [    ( )      ( )        ( ) ] 

    
  [  ( )]     

  [  ( )]       
  [  ( )] 

     ( )      ( )        ( )                                

Where               are constants, the functions 

   ( )   ( )     ( ) are defined when    [   ] 

 

Theorem(2): If     [ ( )]   ( )          [  (   )]  

    ( )  

Where a is constant. 

Proof:    

                   [ (   )]      ( )         [ ( )] 

For example: 
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(   )    
]  
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(   )  
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Definition(3):[2]  

The equation 

   
 
   

   
    

   
     

     
        

  

  
      ( ) 

where            are constants and  ( ) is a function of   , is 

called  

 

Euler’s equation 

 

Theorem(3): 

 If the function  ( ) is defined for   [   ] and its derivatives 

 ( )( )   ( )( )     ( )( ) are exist then: 

 [   ( )]   (   )( )  (  ) (   ) (   )( ) 

 (  )   (   )(  (   )) (   )( )      

 (   ) (   (   )) (    ) ( )  (  ) (   )  [ ] 

Proof: 

If   n=1 , 

 [    ]  ∫   

 

 

         ∫     
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  ( )  (   )  [ ] 

If   n=2 , 
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   ( )  (   )  [       ]

   ( )  (   ) ( )  (   )(   )  [ ]          

If   n=3 , 

 [       ]  ∫         
 

 

    

                   (   )                              

∫         
 

 

            | 
  (   )∫    

 

 

        

      ( )  (   )  [       ]                        

      ( )  (   )  ( )  (   )(   )  ( )

 (   ) (   ) (   )  [ ] 

Then , 

 [   ( )]   (   )( )  (  ) (   ) (   )( ) 

 (  )   (   )(  (   )) (   )      

 (   ) (   (   )) (    ) ( )  (  ) (   )  [ ] 

 

Solving the Linear Ordinary Differential Equations with 

Variable Coefficients 

One of the most important applications of the Expansion of Al-

Zughair transform is solving the linear differential equations 

with variable coefficients. Suppose we have a linear ordinary 

differential equation of order ( ) with variable coefficients and 

subject to some initial conditions, which general structure can 

be written as: 

 

   
  ( )     

    (   )           
       ( )                    ( ) 

 

Where            are constants,  ( ) is the  th derivative of the 

function  ( )   ( ) is a continuous function whose the 

Expansion of Al-Zughair transform can be determined , and 

 (1) ,…, (   ) (1) are defined. To find a solution of  DE.(2) we 

take the Expansion of Al-Zughair transform ( ) to both sides of 

(2) , after simplification we can put  ( )  as follows : 
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 ( )  
 ( )

 ( )
    ( )                                                                      ( ) 

 

Where   , are polynomials of   , such that the degree of     is 

less than the degree of     and the polynomial    with known 

prime cofactors. By taking     to both sides of equation (3) we 

will get: 

     *
 ( )

 ( )
+                                                                                ( ) 

 

Equation (4) represents the general solution of the differential 

equation (2) which is form is given by : 

      ( )      ( )        ( )                                   ( ) 

 

Such that    ,    ,…,    are functions of   and that   ,   ,…,    

are constants, whose number equals to the degree of  ( ) . To 

find the values of constants of    ,    ,…,     we will use partial 

fractions decomposition. 

 

Example(1): To find the solution of  the differential equation 

            (   )   ;    ( )       

We take -transform to both sides of above equation we get: 

 [    ]     [ ]    [    (   )] 

 ( )  (   )  [ ]     [ ]  
  

(   )   
                      

   (   )  [ ]  
  

(   )   
 

 [ ]  
        

(   ) [(   )   ]
 

By taking     -transform to both sides of above equation we 

get: 

     [
 

(   )
 

    

(   )   
] 
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Example(2): To find the solution of  the differential equation 

                          ;    ( )    ( )     ( )      

We take  -transform to both sides of above equation we get : 

 [       ]     [      ]    [       ] 
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By taking     -transform to both sides of above equation we 

get: 
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Example (3): To find the solution of  the differential equation 
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By taking     -transform to both sides of above equation we 

get: 
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