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Abstract:

In this paper, we introduce Expansion of Al-Zughair
transformation. Also, we introduce properties, theorems, proofs and
transformations of the constant functions, logarithms functions and
other functions. Also, we introduce how we can use this transform and
it's inverse to solve the L.O.D.E with variables coefficients (Euler's

equation) which has the general form:
n n-1

_ dy
aoxnm+ a;x™t e + -+ an_lxa+ a,y = f(x),

where agy,a,, ...,a, are constants and f(x) is a function of x. ( Al-
Zughair transformation is discovered by prof. Ali Hassan
Mohammed).see[1]
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The Expansion of Al-Zughair transform

Definition(1):[1] Al-Zughair transform for the function f(x),
we denote by Z[f(x)] ,where x € [1,e] is defined by the following
integral :
(Inx)P

X

2[f ()] = f fG)dx = F(p) (1)
1

Such that this integral is convergent , p > —1
From (1),

1
Let Inx =y =>7dx=dy

if x=e > nme=y =2>y=1land if x=1 = n(l)=y =y=0

Hence ,we can define
1

plrCOl = [ 27 £ dx
0
This formula call Expansion of Al-Zughair transform.

Property(1l) : (Linear property)
PIAf (x) £ Bg(x)] = Ap[f (x)] £ B[g(x)], where A and B are
constant , the functions f(x) and g(x) are defined when x € [0,1]

Proof:

1
PIAF(x) + Bg(x)] = f x? [Af(x) + Bg(0)]dx
0

1 1 1 1
=Jprf(x)dxiJx”Bg(x)dx=Afxp f(x)dxiBjx”g(x)dx
0 0 0

Transformations for some functions:

We are going to find the Expansion of al-Zughair transform for
some functions, like the constant functions, logarithm
functions, polynomial functions and other functions.
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1-If f(x) =1, p>—1,then

1
p[1] = ]
Proof:
1 p+1 1 1
= p = =
#I1] fx .(Ddx p+10 —

0
2-1f f(x) =k, p> —1and k is constant, then

] = —
» _p+1
Proof:
1 1 1
xP+1 k
jxp kdx =k prdx— =
p+1], p+1
0
3-If f(x)=x", p>—-(n+1), then
1
n| —
p[x]_p+(n+1)
Proof:
1 1
n _f bon _J- p+nd B xp+n+1 B 1
go[(x)]—oxxdx—ox x_p+n+10_p+(n+1)
4-1f f(x) = (Inx)™, p > —-1,n €N , then
(™| = (—=1)"n!
pl(lnx ]_(p+1)n+1
Proof:
if n=1

1
= plinx] = fxp Inx dx
0

Integrate by part,
xP+1

+1

p
1 1
f pold -1 fpd -1
D+ Trr1) Y YT e
0 0

1
Letu=Ilnx = du—— dx,dv=xPdx =>v =
1

fxp Inx dx =
0

lnx

=

if n=2
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1

Pl = [ 22 @w)? dx
0
Integrate by part,

1 xp+1
= Letu=(nx)? = du=2Inx.— dx,dv=xPdx =>v =
x p+1
‘ xP+1 Lo e 1 -2 -1
2 _ 2 _ — = e
Ofxp(lnx) dx—p+1(lnx) i Ofp+121nx.xdx o+l T D2
_ 2
BRCESOE
if n=3
1
P[(Inx)3] = jxp (Inx)3 dx
0
Integrate by part,
1 p+1
= Letu=(nx)? = du=3Unx)? -— dx,dv=xPdx = v= ad
x p+1
! p+1 1 ! xP+1 1
3 — 3 — 2,
EJI-xlﬂ(lnx) dx—p_l_l(lnx) i 0fp_l_13(lnx) xdx
-3 (DD _ -3.(-D(-1 _ -3
Tp+1l @+ 12T (p+DP T (p+D?
if n=4
1
P[(Inx)3] = fxp (Inx)3 dx
0
Integrate by part,
1 p+1
= Letu=(Inx)* = du=4(nx)® -— dx,dv=xPdx = v= ad
x p+1
! p+1 xp+1 1
P (Inx)* dx = Inx)*| — f 4 (Inx)® -—d
fx (Inx)* dx p+1(nx) i — (Inx) S 4
0 0
4 (-D(=2)(—-3) B 4!
Tp+1lT (D (p+ DS
Thus,
(-1 n!
pl(nx)"] = W ,n=123,..

6-If f(x) =sin(alnx), p>—1,a € R ,then
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@lsin(a lnx)] = #Z-}-az

Proof:
1 1
elalnx _ e—Lalnx
plsin(a Inx)] = fxp sin(a Inx) dx = fxp oF dx
0 0
1(¢ :
o5 )
0 1 1
1 xPptiatl xp—ia+1]t g 1
=2_[p+la+1 - p—ia+1] :2_i[p+ia+1_p—ia+1]

B —a
T (p+12+a?
7-If f(x) =cos(alnx), p>—1,a €R ,then

p+1
Plcos(alnx)] = Tt
Proof:
1 . .
elalnx + e—lalnx
plcos(alnx)] = fxp cos(alnx) dx = fxp < > )dx
0
1 1 1
xla + x —ia 1 ) )
fxp< >dX=7 jx”+‘adx+fxp““dx
0 0 0
1 xp+La+1 xp—ia+1 1 1 1
=7 - + . = —[ . +— ]
2[p+1a+1 p—La+1]0 2lp+ia+1 p—ia+1
p+1

T+ DZ+al
8-If f(x) =sinh(alnx), |[p+1|>a, a€R ,then

@[sinh(a lnx)] = %
Proof:
! alnx —alnx
@[sinh(a lnx)] = fxp sinh(a lnx)dx = fxp (%) dx
0 0
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1 1 1
x® —x"¢ 1 _
= | xP dx =—|[ | xP*%dx — | xP~%dx
2 2
0 0 0

1 xPHa+l xp-a+1]t 1 1 1
=7[ pta+1 B p—a+1 L =7[p+a+1_p—a+1]
—-a
RCEREr
9-If f(x) =cosh(alnx), |[p+ 1| >a, a € R, then
_ p+1
@lcosh(a lnx)] = (p+1)—2_az
Proof:
H ealnx + e—alnx
@lcosh(alnx)] = Jx” cosh(a Inx) dx = pr (f) dx
0 0
1 x* 4+ x4 1 7 1
= fxp <—>dx =— pr”‘dx—jxp‘“dx
2 2
0 0 0
1 xp+a+1 xp—a+1 1 1 1 1
=7[ pta+1 * p—a+1 L=7[p+a+1_p—a+1]
_ p+1
"D -
Theorem(1):
If p[f(x)] = F(p) and a is constant , then g[x¥*f(x)] = F(p +
a)
Proof:

1

1
p e = [x xief ) ax = [xp2 ) dr = F £ o)
5 0
For example:

3
1— g [x? cos(5 Inx)] = (p-l—p?>)+—25
) 3 6!
2= pla™ )] = 57

Definition(2):

Let f(x) be a function where ,x € [0,1] and @[f(x)] = F(p), f(x)
1s said to be an inverse for the Expansion of al-Zughair
transform
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and written as @ [F(p)] = f(x) where ™! returns the
transformation to the original function.

For example:

_1_ k ]_k. > —1 in [k]__k
N P I P s BT
1
-1 — . — i N=——
e [P+(n+1)] *ip>=m+1),  since plx7] p+m+1)
[ (—1)"n! (-1)"n!
-1 — n. j— i MN=—7——
o o 1)"“] (Inx)"; p > -1, since p[(Inx)"] @+ D
—a
o7 [ = sinte 0 pe
: . - —*
since,  @[sin(alnx)] = P+ 2+
+1
o [ = cosh@ing s o al>a
_ el B p+1
since,  g[cosh(a lnx)] = @+ 12 —a?

#~ ! has the linear property as it is for Expansion of Al-Zughair
transform .1.e
#Ha Fi(p) £ a;Fo(p) £ -+ + anFa(p) |
= aip ' [Fi(p)] £ a7 [F,(p)] £ -+ £ anpp ™ [F(p)]
= a1 f1(x) £ axfo(x) £ apfr(x)
Where aq,a;,..,a, are  constants, the  functions
fi(x), f,(x), -, fn(x) are defined when x € [0,1]

Theorem(2): If P HUF()] = f(x),thenp [F(pta)] =
xE4f (x)
Where a is constant.
Proof:
PHF(p £ a)] = x4 f(x) = x** o~ [F(p)]
For example:

1- —1[ ! ]—_1 ~4sin(71
o w—32+49 7 x~*sin(7lnx)

1 1
- o | =_—,3 12
2— P [(p 4)13] 12!x (Inx)
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Definition(3):[2]
The equation
ar - dn—ly d_’y
apx™ dn+a1x dxn1+ +a,_ 1xd +a,y=f(x)

where ag, a,, ..., a, are constants and f(x) is a function of x , is
called

Euler’s equation

Theorem(3):
If the function y(x) is defined for x € [0,1] and its derivatives
yD(x),y@D(x), ...,y (x) are exist then:
plxty™] =y (1) + (=D (p + n)y ™2 (1)
+D e +(p + (= D)y I() + -
+@+n) (p+ (n=1)..(p +2)y(1) + (=D"(p +n)! p[y]
Proof:

If n=1,
1 1

pley =[x x -y dx = [ar+ 5
0 0

Let u= xP*! = du=(p+ 1D xPdx ,dv=y'dx= v=y
1 1
jxp“-y’dx=xp+1'y|(1)—(19+1)fxp'ydx
0 0
=y -@+1D ply]
If n=2,

1

1
Plx?y"] = fxp x%- y"dx = fxp” -y dx
0 0

Let u= xP*? = du=(p+2)xP*ldx , dv=y”dx=> v=y'

1
fxp -y dx =xPT? -yl —(p+ 1) f xP*t1.y" dx
0

1

fxp” -~y dx = xP2y' |V - (p + 2)fx7"+1 -y dx

0
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=y' (1) —(p+2) p[x*.y"]
=y -@+2yD+@+2)(@+1 ply]
If n=3,

1
80[)63 ym] — fxp+3 _ym dx
0

Let u= xP*3 = du=(p+3)xP*%dx ,dv=y"dx= v=y"
1 1

jxp” cy"" dx = xP*3-y"|L — (p +3) f xP*2 y" dx

0 0

=y"(1) - +3) plx* -y"]

=y" (M -@+3)y'D+@+3)@+2)yQ)

—@+3)(@+2) @+ D eyl

Then ,

plx"y™] = y™@=D (1) + (-D"(p + n)y"2(1)
+-D" e +n)(p+ (n— D)y 4.

+p+n) (p+ (n—1)...(p+2y(D) + (—D™(p + n)! ply]

Solving the Linear Ordinary Differential Equations with
Variable Coefficients

One of the most important applications of the Expansion of Al-
Zughair transform is solving the linear differential equations
with variable coefficients. Suppose we have a linear ordinary
differential equation of order (n) with variable coefficients and
subject to some initial conditions, which general structure can
be written as:

agx™y™ +apx™ty D ot @y g xy' + apy = f(x) =+ (2)

Where ay, a;, ..., a, are constants, y(™ is the nth derivative of the
function y(x),f(x) 1is a continuous function whose the
Expansion of Al-Zughair transform can be determined , and
y(1) ,...,y™ D (1) are defined. To find a solution of DE.(2) we
take the Expansion of Al-Zughair transform () to both sides of
(2) , after simplification we can put g(y) as follows :
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h(p)

Pl =

Where h , are polynomials of p , such that the degree of h is
less than the degree of k and the polynomial k with known
prime cofactors. By taking ™! to both sides of equation (3) we
will get:

h(p)

) (4

y=50‘1[

Equation (4) represents the general solution of the differential
equation (2) which is form is given by :
y = Aoko(x) + Alkl(x) + -+ Amkm(x) e (5)

Such that kg , kq ,..., ki, are functions of x and that Ay, A4,..., A
are constants, whose number equals to the degree of k(p) . To
find the values of constants of 4, , 4, ,..., A, we will use partial
fractions decomposition.

Example(1): To find the solution of the differential equation
xy' —2y=sin(lnx) ; y(1)=-1
We takegp-transform to both sides of above equation we get:

plxy'] =2 plyl = plsin(inx)]

-1

y) -+ Dell-200]= oo
-1

1=+ ebl =T

-p?-2p—1
oyl = 5
(p+3)[(p+D?+1]
By taking g~ !-transform to both sides of above equation we
get:

A Bp+¢C

- (p+3)+(p+1)2+1

y=17

A+B=-1
2A+3B+C=-2
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2A+3C = -1
Hence ,
A=t p="1 =1
5 7 57 5
—4 -1 1
p+
y =t 5 n 5 _ 5
P+3) (+1D%2+1
—4 -1 2
T T At S
y=p"" + +
P+3) (@+1D*+1 (p+1)2+1
__4 2 (l ) 2 in(l
y = z x z cos(Ilnx z sin(Inx)

Example(2): To find the solution of the differential equation

Py 3ty =x"t x5 y(D) =y (D) =y"(1)=0

We take gp-transform to both sides of above equation we get :
Py +3 plx? y"] = plx™* Inx]

y'W-(@+3)y' D+ (@+3)@+2yD)+

3y'(1) = 3( +2)y(D) +3(p + 2)(» + Dgplyl =
-1
obl= p(p+ 1D+ 2)(p - 3)?

By taking g~ !-transform to both sides of above equation we
get:

(p —3)?

y:p_1i+B+C+D+ E
p p+1l p+2 p-3 (p-3)°

A+B+C+D=0

—34—8B—5C+E=0

~7A—21B+3C—7D+3E =0

154 —18B 4+ 9C — 6D + 2E = 0

184 =1

Hence ,

1 c -19 D_—47 : 1
18 48’ 7 300 '~ 3600’ 60
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1 1 -19  —47 1
.| 18 . 78 300 . 3600 60
= + + +
y=@ p p+t1l p+2 p-3 (p-3)2
1 19 47 1
VS SV SV | S
Y=18% 300" 3600° 60" ™ Tig

Example (3): To find the solution of the differential equation

x2y" +xy' —y=coshQ2lnx); y(1)=0 ; y'(1)=-1

We take gp-transform to both sides of above equation we get :
plx*y"] + plx y'] - ply] = p[cosh(2inx)]

y'() - (@+2)y()+(@+2)(p+ Delyl +y(1) - (p+ Delyl

_ p+1
p+1
—1+p(p+ 2ply] = G+D2_a
p*+3p—2

oV = e Dlp T P-4
By taking g~ !-transform to both sides of above equation we
get:
A B Cp+D

=pt|l—+ +
y=9 p p+2 (@P+132-4
A+B+C=0

4A+2B+2C+D =1
A-3B+2C=3

—64 = -2
184 =1
Hence,
A=t gt -1 p 2
37 3 T3 T3y
1 -2 1 1
— —_ — +_
_ ,-1|_3 3 3PT3
= + +
y= p p+2 (@+1?*-4
= Ll 2 +1 h(2l
y—3x 3x 3co(nx)
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