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Abstract:

Let Q2m be the quaternion group of order 4m when m=p>2
is an odd number, and Ds be the dihedral group of order 10. let cf
(QemxDs,Z ) be the abelain group of Z-valued class function of the
group (QwmXxDs). The intersection of cf(Qem*Ds,Z) with the group of
generalized characters of (Qeam*XDs).which is denoted by R(Q2m*Ds) is a

normal subgroup of the group cf(QzmxDs,Z) denoted by R (QonxD3), the

factor group cf(QwmxDs5Z) /R (QwmxDs) is a finite abelian group
denoted by K(Q2mXDs).the purpose of this paper to find

3 2(r+1)
K(QZpXDS):gK(Q 2m) P C, n®:1 Ceen PCy DGy h
wnen m

=p, p>2is prime number.
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1. INTRODUCTION

Let G be a finite group, two elements of G are said to be T-
conjugate if the cyclic subgroups they generate are conjugate in
G, this relation is an equivalence relation on G. and this
equivalence relation called I'- classes.

The Z-valued class function on the group G, which is
constant on the I'- classes forms a finitely generated abelian
group cf(G,Z) of a rank equal to the number of I'- classes . the
intersection of cf(G,Z) with the group of all generalized
characters of G, R(G) is a normal subgroup of cf(G,Z) denoted
by R(G) each element in R(G) can be written as wif:+
u2Ba2+...... + uifi, where 1 is the number of I'- classes, ui,uz, ..,

ui €Z and 6; = YsecalQx)/Q0() Where Zi is an irreducible
character of the group G and © is any element in Galios group
Gal(Q(x1)/Q). let =*(G) denotes the 1xi matrix which
corresponds to the 0i's and columns correspond to the I'-
classes of G the matrix expressing R(G) basis in terms of the
cf(G,Z) basis is =*(G) In 1995 N. R. Mahmood [6]

Studied the factor group cf(Qzm,Z) / R(Q2m). The aim of
this paper is to find ="(QanxXDs) and the factor group

cf(Q2omXDs5,7) / R ( Q2m*Ds) when m = p, p>2 is prime number.
2. PRELIMINARIES

We are review in this section some definitions and results:
Definition (2.1): [1]
Let F be a field .The general linear group GL(n,F) is a

multiplicative group of all non-singular nxn matrices over F.

Definition (2.2):[1]

Let F be a field .A matrix representation of G is homomorphism
T: G—>GL (n, F), Nis called the degree of representation T .T
1s called a unit representation (principal) if T(g)= 1 for all g €G.
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Definition (2.3): [2]
A matrix representation T: G—>GL (n,F) 1s said to be

reducible if there exists a non-singular matrix A over F such
that:

T.(9) T(9)
0 T,(9)

Where T1(g) and T2 (g) are matrices representations over F of

A1T(g) A=|: } , for all geG.

the dimensions rxr, sXs respectively and E(g) is a matrix of the
dimensions rxs such that O<r<n and r+s=n.

If no such reducible matrix exists, then T(g) is called an
irreducible matrix representation.

Definition (2.4):[3]
The trace of an NXNmatrix A is the sum of main diagonal
elements, denoted by tr(A).

Definition (2.5): [4]
Let T be a matrix representation of G over the field F. The

character y of a matrix representation T is the mapping y:
G—F defined by y(g)=tr(T(g)) for all g €G .The degree of T is
called the degree of y .

Remark (2.6): [5]
m A finite group G has a finite number conjugacy
classes and a finite number of distinct K- irreducible
characters, the group characters of a group
representation is constant on a conjugacy class, the

values of the characters can be written as a table

known the characters table which is denoted by =(G).

) If G=Cn=< r> is the cyclic group of the order n
274

generated by r, and ® = e is primitive n-th root

of unity, then =(Cy) is:

EUROPEAN ACADEMIC RESEARCH - Vol. IV, Issue 11/ February 2017
9668



Atheer Razzaq Jasim, Naser Rasool Mahmood- The Cyclic Decomposition of the
Factor Group cf(Q:mXD5,Z) /R(Q2:mXD5) when m = p, p>2, is prime number

CLq (1 [r] [ 1]
|CLy 1 1 1 1
|Ca(CLy)| n n n n
X1 1 1 1 1
A2 1 ® ®? [OR
13 1 @2 Wt 02
Yn 1 oL o2 ®
Table (2.1)

Definition (2.7): [6]
For each positive integer m, The generalized Quaternion
Group Q:» is a non- abelain group of order 4m with two

generators x and y can write it as:
Qom ={akyt , 0 <k <2m-1,t=0,1}
which has the following properties:{ x2m = y4 =] | yxmyl=xm}

Remark (2.8):

The group Q2mXD5 is the direct product group of the quaternion
group Qzm and the group Ds is the dihedral group of order 10.
The character table of The Quaternion Group Qem when m is
an odd Number(2.9) [6]

There are two types of irreducible characters one of them
is the character of the linear representation which are denoted
by W1, W, W3 and W4 respectively as in the following table:

xk

xky

W,

1

1

W,

1

-1

Wy

(-

i (-1)k

W,

(D

i (-1)k+

Table (2.2)

The other characters of irreducible representations of degree 2
are denoted by y» such that:

Xh (xK) = @hk + @-hk = emihk/m + g-mihk/m= 2cos(mhk/m), xn (x*y) = 0
where 0 <k <2m-1, 1 <h <m-1 and w=e2ri/2m,
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so there are m+3 irreducible characters of Qam .then , the
general form of the character table of Q2m when m is an odd
number is given in the following table:

CLq (1] |[x2] 1] g - R (] e |lem] [y] |[xy]
| CLa| 1 2 2 e 2 1 2 2 e 2 m m
| Cqem(CLq) | 4m{2m 2m -+ 2m 4m [2m 2m - [2m 4 |4
K381 11 1 -1 1 1 1 e (1 11
o4+ os+@2m-|  |2m-D+ 02+ b+c2m-
X2 2 oot s e 2 am D) s oee lo20m-24 o4 0 [0
o 2(m- o 4(m- omH+gm om- om
X(m-1) 2 D402 Dot "l 2 It com+l |3+gym+3 @t 0 10
R385 11 1 -1 1 |1 1 e (1 -1 -1
02 +@2m-|t+em|  lom- w0+ |w3+o2m
X1 2 B N I -2 | X e Jom-24gom+2 0 [0
02m- 02m- 02+2(m- om om- 2 2
-2 -4
Xm-2) 2 VRV (TR B -2 24 om+2 |6pgym+6 o™ @™o jo
P 11 1 -1 -1 |-1 -1 e -1 i
Py 11 1 -1 -1 |-1 -1 e -1 -1
Table (2.3)

Theorem (2.10):[7]
1. The sum of characters is a character.

2. The product of characters is a character.

Theorem (2.11):[1]
Let Ti: Gi—GL(,F) and Ts: Ge—GL(m,F) are two irreducible
representations of the groups Gi1 and G2 with characters

and y2 respectively , then T:®T; is irreducible representation

of the group G1 XGz with the character X1 X2,
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Definition (2.12):[8]
A rational valued character 0 of G is a character whose

values are in Z, which is 6(g) € Z, forall g € G .

Proposition (2.13):/9]
The rational valued characters o, =

o (%) form basis for R (G), where yi are the
ocGal(Q(xj)/Q)

irreducible characters of G .and their numbers are equal to
the number of all distinct I'- classes of G.

3. The Factor Group K(G)
We will study the factor group K(Cn) and K(Q2m)

Definition (3.1):[10]
A k-th order minor is the determinant of the sub matrix

obtained by taking k rows and k columns of A.

Divisor over principal ideal domain, we can form the
greatest common divisor (g.c.d) of all the k-th order minors of A,
it is called the k-th determinant divisor of A and denoted by
Dx(A).

Definition (3.2):[7]
Let M be a matrix with entries in a principal ideal domain R,be

equivalent to a matrix D = diag {di, ds, ... ,d-, 0, O, ... , 0} such
that dj| disifor1<j<r.

We call D the invariant factor matrix of M and di,
de, ... ,d, the invariant factors of M.

Theorem (3.3):[11]

Let M € Muxn(A) be a matrix with entries in a principle ideal
domain. Then there exist two invertible matrices L € GLn(A) , W
€ GLn(A) and a quasi-diagonal matrix D € Maxm(A) (that is , dj

=0 for ' # J )such that
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1- M=LDW .

2- da | do ,...,d: | di+1 ,..., where the d; are the diagonal
entries of D and then, Dx(LDW)=Dx(M) modulo the group
of unites of A .

Proposition(3.4):[12]

Let A and B be two non-singular matrices of the rank n and m
respectively, over a principal domain R . and let LiAW:=D(A)
= diag{di(A),dz(A),....... ,dn(A)}, L:BW: =D(B) =
diag{di(B),d2(B),....... ,dm(B)} be the invariant factor matrices of
A and B, then (Li®Ls).(A®B).(W:1®W32)=DA)®D(B) and from
this we can write down the invariant factor matrix of A®B.

Let H: and H: be Pi-group and P2-group respectively,
whereP1 and Pz are distinct primes. We know that = (H: xHz) =
= (Hy) ® = (Hy)

(P1,P2) =1, so we have =*(H: X Hz) = =*(H:1) ®=*(Ho>) .

Remark (3.5):[9]
Suppose cf(G,Z) is of the rank [ , the matrix expressing the R
(G) basis in terms of the cf(G,Z) = Z! basis is =*(G).

Hence by theorem (3.3),we can find two matrices L and
W with a determinant 1 such that L.=%(G).W=D(=*(G))=
diag{di,ds,......... ,di }, di =+ Di (£%(G)) £ Di1 (E7(GQ)) .

Theorem (3.6):[9]
K(G)= @) C, Such that d;=+D; (=) £ Di1 (E*0)) .

Proposition (3.7):/9]
The rational valued character tables of the cyclic group
Cps of the rank s+1 where p is a prime number which is denoted

by (E*(Cps)), is given as follows:
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2 s-3 s-2 S—
I“classes [r] [rP] [rp ] [rP ] [rp ) [rp 1] [1]
61 1 1 1 1 1 1 1
02 -1 p-1  |p-1 p-1 p-1 p-1 p-1
0s 0 -p p(p-1) p(p-1)  |p(p-1) p(p-1) p(p-1)
051 0 0 0 -p*3 p3p-1)  |p3p-1)  |pip-1)
0, 0 0 0 0 -p2 p3(p-1)  |p*3(p-1)
01 0 0 0 U [7] 0 - psl p*i(p-1)

Table (3.1)

Where its rank s+1 which represents the number of all distinct

T'-classes.

Proposition (3.8):/9]

If pis a prime number ,then D(Z*(Cy®) ) = diag{ps,pst,...... ,p,1}.
Theorem(3.9) :[9]

S
Let p be a prime number, then: K(Cp®) =D Z C.i.

Proposition (3.10): [6]

i=1

The rational valued character table of Q2m when m is an odd

number is given as follows:

- classes of Com

xor gl byl
0 1
0, 0
- 1 1 1 1 1 -
9 (1/2)-1 =*(Cm) =*(Cm) 0
0 (1/2) 0
o (1/2)+1 -1
0

o (1/2)+2 1 1 1 1 1
1 =*(Cw) H 0

o=
ol 0
o141 2 2 2 -2 -2 2 0
Table (3.2)

EUROPEAN ACADEMIC RESEARCH - Vol. IV, Issue 11/ February 2017

9673




Atheer Razzaq Jasim, Naser Rasool Mahmood- The Cyclic Decomposition of the
Factor Group cf(Q:mXD5,Z) /R(Q2:mXD5) when m = p, p>2, is prime number

Where O<r <m-1, I is the number of T- classes of Com , 0; such
that 1<j <I+1 are the rational valued characters of group Qzm

*

and if we denote Cj the elements =(Cm) and nj the elements of
H as defined by :

ij ‘Cij if izl
and where I is the number of I'-classes of Cam.

Theorem(2.11): [6]
If m is an odd number, then: K(Q2m )= K(C?m)® Cs.

Example(2.12):
The cyclic decomposition K(Q1s)can be written as follows :

K(Q14) = K(Q2.7)= K(C2.7) ® Cq4

(2) (2)

2 2

3. THE MAIN RESULTS
In this section we find the rational valued character
table of the group (Q:mxDs) and K(Q2mXDs).

Theorem(4.1) -
Let m is an odd number, the rational valued character table =(

Q2XD5) of the group QamXDs 1is: =( QamXDs) = (=( Q2m) ®
="(Ds))
Proof:
The character table of Dsis:

CLq [di] [ds] [ds] [d4]

X1 1 1 1 1

X2 1 1 1 -1

X'3 2 IT1 T2 (]

X'4 2 T2 IT1 0

Table (4.1)
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Where [dd={(e)} , [dz)={a,a’l, [d={a% a3} , [di]=tb, ba , ba,
ba3, ba4}, T1= (D+0)4, T2 = 02+m3 , = e% .

The rational valued character table of Dsis equal to:
=D;s =

Cla [d'1] [d’s] [d's]

01 1 1 1

0’2 1 1 -1

0’3 4 -1 0
Table (4.2)

Where [d'i/={(e)}, [d'2J={a , aZ, a3, a*}, [d's] ={b, ba , ba2, ba3,
ba4}, Then,

X'1(d1)=x"1(d2) = X"1(d3) = X'1(d4) = 0"1(d"1) =0'1(d"2) = 0'1(d's) = 1
X'2(d1) =x'2(d2) ) =x'2(ds) = 0'2(d'1) =0'2(d’2) =1 , X'2(ds) = 0'2(d’s)
=.1

x'3(d1) + x'a(d1) = 0's(d'1) = 4, X's(d2) +x'4(d’2) = X'3(ds)+ X'a(ds)=
0'3(d’2) = -1

X'3(d4) + x'4(ds) = 0'3(d's) =0

From the definition of Q2umXDs and theorem (2.11)

=Q2mXD5 = (EQ2m) ® (=D5)

each element in Q2mxDs

Let te( QamXDs), t=(q,d) VqeQom and de D5, defe, a, a?, a3,
a%, b, ba, ba?, ba3, ba4}.

g=x%y*, 0<s<2m, k=0, 1

for every irreducible character of Q2mXDs is Xdj =Xi * X

where xi and X are the irreducible character of Q2m and Ds

respectively, then
xi(q@) if j=1 and d € Ds
xi(@ if j=2 and d € {e,a,a% a3 a*}
—xi(q@) if j=2 and d € {b,ba,ba% ba? ba*}
4x(q) if j=3 and d={e}
—xi(q) if j=3 and d € {a,a?a%a*}
0 if j=3 and d € {b,ba,ba? ba3 ba*}

Xap® =xap(@d) = xi(q) - x;(d) =

From proposition (2.13)
0(i,j) = LoeGal@x /)9 Xij)
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Where 0g;) is the rational valued character of (Q2mXDs) Then,
0/ (t) = Xoecar@xay©)/@)0Xij ()
(A) If j=1 and deDs

81y (©) = Y ou(@-x, (@) =6i(9)-1=6,(q)6(d)
geGal(Q(xi(4))/Q)

Where 6; is the rational valued character of Qam .

B) (D) If j=2 and de{e,a,a?,as a¥

B (1) = % o(xi(q)-X,(d) = 6;(q) -1 = 6,(q) - 6 ;(d)
oeGal(Q(xi(4))/Q)
(D If j=2 and de{b, ba, ba2 ba?, bat}
B () = M) o(xi(@)-x (@) = ) (@) ¥ o(x ()]
0eGal(Q(xi(a))/Q) 0eGal(Q(xi(9))/Q) 0€eD5 '
= > o(xi(q)) - (=1) = 6;,(q) - (=1) = 6;(q) - 6 ;(d)
oeGal(Q(xi(9))/Q)
(C) (D) If j=3 and defe}
B, () = > G(Xi(Q)-Xlg(d)) = ) oGu(@[ X G(Xlg(d)]
oeGal(Q(xi(9))/Q) 0eGal(Q(xi(1)/Q) o€eDs
= % o(u(@)[2+2] =0:(q) 4 =10:(q)0;(d)
oeGal(Q(xi(q))/Q)

(II) If j=3 and de{a, a2 a3, a%

Bp () = > o(xi(@)-x3(d) = ) a(u(@) [ X o(x5(d)]

oeGal(Q(xi(9))/Q) oeGal(Q(xi(q))/Q) o€Ds
= % o (@)1 +12] = 6:(@) - (=1) = 6;(q) - 6';(d)
oeGal(Q(xi(q))/Q)
(IIT) If j=3 and de{b, ba, baZ2, ba3, ba¥}

B (®) = % o(xi(@)-x 5(d) = ) 0@ [ T ol 5(d)]

eGal(Q(xi(a))/Q) oeGal(Q(x:(a))/Q) o€eDs
= ) o(x:(@)0=0=6;(q) 6;(d)
geGal(Q(xi(4))/Q)

From [A], [B] and [C] we get 0¢ = 0i - 05
Then: =*( QemXDs) = ="( Qzm) ® =°( D5).

Example(4.2):

To calculate ='Q22XDs5, we can use theorem(3.1).
the rational valued character table of Ds is:
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Cly [d'1] [d's] [d’s]

01 1 1 1

0's 1 1 -1

0's 4 1 0
Table (4.3)

by proposition (3.7), and by proposition(3.10) the rational
valued character table of Qa2 is:

I-classes ] [x2] [x11] [x] ]

01 1 1 1 1 1

02 10 -1 10 1 0

03 1 1 1 1 1

04 10 -1 -10 1 0

05 2 2 -2 2 0
Table (4.4)
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