EUROPEANACADEMIC RESEARCH

x X =
. - =
EUROPEAN Vol. VIIL Issue 10/ January 2021

(W ) ACADEMIC
o RESEARCH Impact Factor: 3.4546 (UIF)

7 DRJI Value: 5.9 (B+)
ISSN 2286-4822

www.euacademic.org

Conformal Mapping as a Tool in Solving Some
Mathematical and Physical Problems

WIAM ALI AYAD?

OMAR ISMAEL ELHASADI

Department of Mathematical Sciences, Libyan Academy, Tripoli, Libya
ZAYNAB AHMED KHALLEEFAH

Department of Mathematics, Garyan University, Garyan, Libya
ABDUSSALAM ALI AHMED

Department of Mechanical and Industrial Engineering

Bani Waleed University, Bani Waleed, Libya

Abstract

The aim of this modest study was to shed some light on one of
the useful tools of complex analysis, which is the method of conformal
mapping (Also called conformal transformation). Conformal
transformations are optimal for solving various physical and
engineering problems that are difficult to solve in their original form
and in the given domain. This work starts by introducing the meaning
of a ""Conformal Mapping'’, then introducing its basic Properties. In the
second part, it deals with a set of various examples that explain the
behavior of these mappings and show how they map a given domain
from its original form into a simpler one. Some of these examples
mentioned in this study showed that conformal transformations could
be used to determine harmonic functions, that is, to solve Laplace's
equation intwo dimensions, which is the equation that governs a variety
of physical phenomena such as the steady-state temperature distribution
in solids, electrostatics and inviscid and irrotational flow (potential
flow). Other mathematical problems are treated. All problems that are
dealt within this work became easier to solve after using this technique.
In addition, they showed that the harmonicity of a function is preserved
under conformal maps and the formsof the boundary conditions change
accordingly.
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I. INTRODUCTION

A conformal mapping, also called a conformal transformation, or
biholomorphic map, is a transformation that preserves angles between
curves. A mapping by an analytic functionis conformal at every point
of the domain of definition where the derivative does not vanish.
Conformal mappings are extremely important in complex analysis, as
well as in many areas of physics and engineering [10].

It can also be said that a conformal mapping simplifies some
solving processes of problems, mapping complex polygonal geometries
and transforming them into simpler geometries, easily studied. These
transformations became possible, due to the conformal mapping
property to modify only the polygon geometry, preserving the physical
magnitudes in each point of it [1].

Two researchers have worked in the field of conformal
mappings, and they elucidated the advantages of conformal mappings
over other advanced engineering skills. The work was to determine
how the critical stress is spread with respect tothe rupture angle
using a conformal transformation. In their words, a conformal
transformation has proved to be a good engineering tool to solve footing
on slope problems, and they concluded that the critical normal stress
distribution of footing on a slope is spread evenly along the slip surface
with the mapping technique [2].

One of the applications in which a conformal mapping was used
is the complex velocity potential of the flow of an ideal fluid. It was
found that the complex velocity potential can be determined by solving
a problem in either a horizontal or vertical strip [3].

Another application using a conformal mapping is the one used
to solve the so-called third kind boundary-value problem of Laplace’s
equation. Where the work performed provides a new method for solving
the complex electrostatic field boundary-value problem and realizing
the visualization of that. It is a new way of solving the complex
electrostatic field boundary-value problem [4].
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In this study, the main purpose was to focus on the use of analytic
functions when certain conditions are imposed on them. In particular,
it aimed at elucidating the topic of conformal mappings. Various
examples are given to show how conformal maps change given domains
and help to solve some boundary-value problems, which are difficult to
solve in their original domains.

Definition. [Conformal Mapping] [10]. Let w = f(z) be a complex
mapping defined in a domain D and let z, € D. We say that w = f(2) is
conformal at z, if for every pair of smooth curves €, and C, in D
intersecting at z, the angle between €, and C, at z, is equal to the angle
between the image curves C; and () at f(z,) in both magnitude and
sense.

Preservation of Angles
The two curves intersect at (uy, 1), and the angle at which they
intersect there, is the angle a between the two tangents there.

-'-(X=0(1—(Z2,

Figure 1: The w-plane.

where
dv ,
tana, = (@>1 =@, (W),
dv
tana, = (@)2 =@, (W.
_ ! _ !
Therefore tang = 2noi=tanaz _ ¢3(0-¢3(w)

1+tana tana, - 1+ (We,w)’
evaluated when u = u,.
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If w=u+iv=f(2) is analytic, then v = ¢, (u),k = 1,2 will have an
image curve in the z — plane which is given by v(x,y) = ¢, {ulx,y)} >
y=f,(x),k =1.2.

If the two curvesv = ¢, (uw),k =12, intersect at (uyv,), then the
curves y = f, (x),k = 1,2, intersect at (x,,v,), where u, = u(xq, Vo), Vg =
v(x0,¥o)-
dv = de{u(x,y)},
ou

Srax+ oy = g,/ 5 de+ Sy

6 0 ou
=t —”y (0= o @ + 50y}

ou u ov

Let —=a, —=b, — =c¢, —=d, therefore
ax ay 0x 33’
) c+dy'(x) c+dfi(x)
(pk(u) = 7 = ’ .
a+by'(x) a+bf,(x)
But
_ du B ov —d
T ox  dy
au ov
— = —(,
ay " ox
Therefore
() = afy(x)—b
P a+bf,(x)
, Loy (@+0)(AW-£w)
Then 1)~ 9o (W) = (a+bfl(@)(at+bf0)
, , _ (a2+b2)(1+f1'(x)f2'(x))
Also 1+ D1 (u)<Pz(U) = (a+bf1'(x))(a+bf2'(x))'
. Wi _ (@)A®-FW)  A@-Ae
11 ez @P+)(1+AWfHE) 1AW ’
2 2
: .2 2 _ (0u u\* _ o 2 _ £ N]2
Provided that: a? + b? = (6x) + (ay) =w2+v2=|f"(2)|* #0.

~ The curvesy = f; (x),k = 1,2 intersect at (x,,y,) at an angle a without
any change provided that f'(z,) # 0, z, = (xg,¥0)-

Remark: Assume that f(z) is analytic and non-constant ina domain D
of the complex z-plane. If f'(z,) = 0 for some z, € D, then f(z) is not
conformal at this point. Such a point is called a Critical point of f [8].
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Theorem. [Preservation of Harmonicity] f w=u+iv = f(z) = f(x +
iy) is a mapping, where f(z) is analytic in a domain D of the z-plane
and ¢(x,y) is harmonic in D (V2¢ = 0 in D), then its image ¢*(x,y) is
harmonic in D* (D - D*).

Proof. To prove this, we see that
qo{x(u v),y(w,v)} = 90*(u v) = do =do*

a(p{d d}a‘p{ad+avd}
ou x—y ava_x@y'

dp Odp*du 09" v
dx  Ou dx = ov ox
62_‘;’_5"’ o*u | 09" 0w "_”{f’z_‘f;a_u ¢ a_”} @{az‘f’*"_" 62“:@}_
dx ou 9x? av 0x dx Lou® ox Odudv dx 0x \0u dv dx av* ox
Therefore,
2 09 *d*u 0@ d%v  0%¢* ;du\® 0%¢* (v\> _dudv %@
o = o aw v 0wt ot (ax) +au (ax) *2avorauoy
2 0¢*d%u  Ap*d*v  0%2¢* ou\* 0%¢* v\° _Oudv 02¢p*
3yZ ~ duoy? ' v oy? oz (@) 72 (@) 3y dy audv
T 2= (v + 2 v + S5 + () ]+ SH{®) +
]
ay
2 s
AE e ke vl

dp
:a—d +—d

Therefore,

But if f(z) = u(x,y) + iv(x,y) is analytic in D, then
ViZu=0=V*vinD
Ju OJv ou ov

way o aw
N 62 (P9, P
foz T =f'(2)| ( t57 )
Therefore, If f'(z) # 0 in D, then
P o _ . ?¢*  0%e”

W+ W= 0inD > 502 + o 0inD* (i.e., ¢*(u, v) is harmonic in D*).

Preservation of Boundary Conditions
Suppose that w = u + iv = {(z) is analytic in a domain D and ¢(x,y) is
harmonic in D.

Suppose that dD has an equationy = f(x). On dD the boundary
condition is
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0
% =0= V(p -n, where n = (sina, —cosa).
dp d¢
(ax 3y ) (sina, —cosa) =0
dp _0p ¢ . 0¢
= 55 X —a—:af( )—a—y onD

y =Imz

0 x = Rez 0 u = Rew

Figure 2: Transformation of Neumann condition.

In the w-plane we have the following configuration:
The equation of dD* is given by v = F(u), therefore v(x,y) = F{u(x,y)}
1s the equation of aD.

=v(x,y) = Flux,y)}=y = f(x)

dv =dF
2+ Py = p { d ad}
3y x+a— y=F(u) x+6— y
dv dvd 6u dud
-5 rof i
6x 6ydx 0x aydx
a_ (u) dy
FT =f'(x)
(u)a—ay
¥ T (D)
)= T,
Now ¢(x,y) = p{x(u,v), Y(u v)} =" (w,v)
@ do
adx ayd —{udx+u dy}+ {vdx+vdy}

do 690 dp*
) "ox  ou +W
dop 09" dop*
- xta

~ In the w-plane, the boundary condition on dD* becomes

vy,
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a¢* ap* ’
{7§%Tlx'+'7§;t&}{ﬁle'(u) _'vx} _ an* aqf

u, + v, F'(w) “ Yoy T oy
a(p* a(p* ) 3 a(p* a(p* )
ﬁ{%u +a—v }{u F(u)—v}-(uxﬁ—v —)(u + v, F'(w)).
2F'(u)— — Uy Uy + Uyl F'(u)——v =a—u + v u, F'(u)
ag" ,
_% xvx_ UJ?F(H)
09" W2F' 2_6<p*2 00" op
=5 U ()——v vy = Uy =5 v F (W)
d dp”
= iF’(u)(uz +v2) = i(u2 +v?)
6(p ,
(—F( )——)(IZ()I )=0
If {'(z) # 0 on aD, then 2 F’(u)— —ondD’, which meansthat X

0 on dD*.

II. RELATED PROBLEMS
The aim of this part is to show how we use conformal transformations
in solving mathematical and physical problems.

Example: How to map the domain in the w-plane, which is outside
the triangle shown in Fig. (3) and Imw > 0, onto the upper half of the z-
plane:

First, we regard D = llijl as shown in Fig. (4), 6, > 0asp— o, k =

1,2.

Imw

; a& Rew

Figure 3: The w-plane. Figure 4: The w-plane.

1 1 1
C—k(z+1)TiZ(z-ay),
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cw=k [ ¢ig+ DT~ a) g,

{3dg

w=—-u+k T T
21 (C+1)3((—az)s

When w = iuy/3 we have z =0

1
/.L(1+l\/—)—kf & ....... (D
(€’+1)3(5—a3)5
When w = 3y we have z = a3(a3 > 0)

as 1 as

ROV R < SR R SO R S
5 @+ 1) €—az)s =3 ((+1):({—az)e (¢ +1)3({—as)s
From (1) we have

4u = u(1+l\/_)+kfa3& ...................... 2)
(G+1)3(¢-as)se

w3 G
o =k 1 1)
V3+i ) (4 15 —ay)s

L3, ‘ £2de
2e's ) €+ Dien(e - O
= 23u = kf‘“Ld" ...................... (3)

(x+1)3(az—x)6
Also from (1) we have

0 1
2d
21 (C+1)3(¢ —az)s
. 1 1
On the path of integration we have {=te'™ =d{=—dt,{z =itz
1
—itz2dt
~u(1+iV3) = kf
(1-1¢) {e‘”(t + a3)}6
. 1
2ese sy tfdt
—_— = kf T T
o (I—0)3(t+az)e
sou =k Y, )

0 (1-t)3(t+az)é
Equations (3) and (4) determine the constants k and a;. They also show

that k 1s real.
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Note also that, the transformation can be written as an integral from
{ =0 to { =z, as follows:

1 1
Since w=-—p+k [’ —E5E k[ 5
(5+1)3(5-a3)6 (€+1)3({-az)s
Using (1) we obtain
1
2d
—,u+,u(1+l\/_)+kf Z ¢
C+1°¢-a )6
Or =iu/3 + kf &

(€'+1)3(€' a3)6
Note that, in most of the cases, the Schwarz-Christoffel transformation
1s obtained in the form of an integral and cannot be obtained in closed
form except in very few cases. However, the mapping can be used to
find the behavior of w when z is very near to a certain it.

Putz=a; +s,|z—as|<1=|s|<1in w—iuy3 = kf L
(f+1)3(f a3)6

. 2d 2d 3d

—i;u/i:kf i{ _kf ( d +kf ( ¢

o @+13E¢- 03)6 G+ 1)3(( - ‘13)‘5 e @+ 1) (S ‘13)‘5
a3+s 1
= . g2dg
—iuV3=u(3-iV3) +k ————,from Eqn. (2).

@ @+1):( —az)e
Put { = a5+ 7, hence
N 1
as+1)2d
w—3u=k (?’—T)fl
o (ag+1+71)376

a; 6

31 5

Example: To map the domain shown in the diagram onto the upper
half-plane:

w—3u~k—m— (z—a3)6a52—>a3

Imzk
2y
E+ﬁ_\1'”>b _
M1 D
v2
V4 2 =2« Rez
> > -
cr=a 0 V3

Figure 5: The z-plane.
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1. First, we apply the conformal map

Z=a(6+%),

Where «a is a real constant to be determined. And as z - o« we have { —»
0,

To find y; (the image of y; in the { —plane) we put

. 1 .
acosf + ibsinf = a{Re“p + Ee“‘f’},

_ _ 1 _ 1\ (o
=>9—<p,a—a(R+E),b—a(R—E),(E<<p<n)

athb Ra—b_a 2_a2—b2
Ty TN T TRTY T
1 a+b a+b
= — 2 _p2 = = =
=>a 2‘/a bZ?, R Nra P p>1.

~ ¥ Is the circular arc
{ = pe'® (E<<p<n).
"\2
To find y; we put z=iy (y=b -y =0)

, 1 . 1y .
=>ly—a(R +§)cosg0+wz(R —E)sm(p

(r+g)eosp=0=0=3
= a(R+p)cosp=0=¢==
2 2
and YR=R*-1=(R-2) =1+2.
a 2a 4a
y y?
oo =+ _
R 2~ 1+4a2
y y?
Because R > 0 we take R = —+ ’1+—2.
2a 4a
b a
Ify—b,thenR—Z+Z—p.1fy—0=>R—1.
~ vy, Is given by
{=im,(m=p—->n=1.
To findy3: put z=x>0
X +1$( x)z_x2 )
= t77 ) T
L
2=t a2
Because(—>ooasz—>oowemusthave(=%+ %:2—1.
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If 0 < x < 2a, then

(=i 1—x—2=>s‘2+n2=1=lilzand€=ei“’ (0 <¢ <E)
2a 4q? ’ 2/

If x > 2a, then

x ’xz

To find y, we put z=x,x < —aorz=—-t, t>a

—t=a({+%):—£(=(2+1_

-(+t)2—t2 T L A
“\$*22) T2 =2t |agz b

-t t2
{—)oowhenz—>oo:(:2—— F_l
a a

Note that t2 — 4a2 > a? — (a% — b?2) = b2
—t 2

oo = — = [ = —_0 < —
0>¢=5-— |32~ Ln=0-—p<f<—

= {=Re"™,(p <R < ).

C=—p 0 C:]. RQC:&
Figure 6: The {-plane.

2. Now, we apply the map w = u+ iv = log{:
y;* Is found by
. T
w=u+iv=log(pe”ﬂ)=>u=logp,v=<p(§<q)<n).
y,* Is obtained by puttingw = log(Relg) >u=IlogR(R=p->R=

T

1),v= 3 and for y;* we put w =log(e!®)=ip (0 <p< g) andw =
logR (1 < R < ). For y;* put w = log(Re™) (p < R < ).
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Note that the map from D to D** is given by
z=a(e" +e )= 2acoshw = z =+/a?— b2 coshw.

Tmwlh
log p+ im .
ok
\\ Va
<
ok
ok &
l T2
¢ § — < T D**
logp+i—
sk 2
T 4 ok
T3
> -
0 Rew

Figure 7: The w-plane.

To map D** onto the upper half-plane we need the Schwarz-Christoffel

transformation. This can be done by considering the limiting case as
P — oo,

I'mw logp + im

E Rew

Figure 8: The w-plane.

Example: [The Electric Field Distribution in a Semi-Infinite Domain)]
[4,7]
72p=0inD ={(x,y):y > 0,—00 < x < oo}
p=00mny=0—-—0o<x<-1
p=1lony=01<x<o

The part —1 < x <1,y =0 is insulated (i.e, Z—ZI) = 0).
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yh

2’ =
V=0 D
p=0 s
. ‘g' ’Y:sk :;4 . \
Y2 -1 dp 0 1mn +
oy

Figure 9: The z-plane.

This is a mixed boundary value problem, and there are two different
boundary conditions on the same boundary line. It is difficult to find
the electric potential distribution directly. In order to solve this
boundary value problem easily, we consider the mapping
w=sin"1(z). @))
The transformation function is
w =sin"1(z) = g + ilog{z +4/2z2-1 }
Ony;letz=14¢t,(0<t<ow)=>z—-1=tandz+1=2+t
~ vy Is given by
T .
w=yz + llog{l +t+/t(2+ t)}.
~ Onyf:
T

> andvzlog{1+t+ t(2+t)},(0<t<oo)

u =
T
:u:E,(0<v<00).
On y,: let z=(1+t)e™,(0<t<ow)=>z+1=teTandz—1= 2+
t)e'.
~ 5 1s given by
T
w=§+ilog[—(1+t)—,/t(2+t)]
T .
=5+ ilogle™{(1+©) +/t(2 +)}]

i1 .
=5 + ilog{e™} + ilog{l +t+/t(2+ t)}

= (g—n) +ilog{1 + ¢+t + 1)

= (—g) +i10g{1 +t+m}-

~ Onvy;:
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T
u=-5 andvzlog{1+t+ t(2+t)},(0<t<oo)
w
2
Onyy:letz=te™,(0<t<1)=>z+1=1-tz—1=(1+t)e™
~ ¥4 1s given by

b4 . . T . -1
w = E + llOg{—t + i,/ (1 - tz)} = E + llOg{m}
= g + ilog(e’™) — ilog{t + ivV1 — t%}

= —’21+tan‘1{—”t_t2},(0 <t<1).

Su=—zand (0<v < o).

~ Ony;:
s
(—§<uSO)andv=O.
Onyg;:letz=t(0<t<1)>z—-1=1-t)eTandz+1=1+t

~ Y4 1s given by

I T V1-—t2
w=§+ilog(t+i\/1—t2)=E—tan‘1{ . },(OSt<1).

Onyj:v=0and(0§u<g).

Thus, the upper half-plane of z-plane is mapped onto a semi-infinite
strip of w-plan. The boundary condition at the bottom of the semi-

infinite strip is the Neumann boundary condition (i.e., 6(3—“::: 0), as
shown
T T
(qu)* =0inD* = {(u,v): v>0,-5< u<§}
T
4([}*=0f0r0<v<oo,u=—E
| T
k(p*=1for0<v<oo,u:E
The part —g <u< ;—r,v = 0 is insulated (i.e. ,Ziv* =0).
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v
D* pr=1
T2 7
V24 =0 2 7;
=0 @
\w\ f\/* ﬂf*
V3 Va
K Dip z u
2 EY 2

Figurel0: The w-plane.

The electric field inside this domain is uniform, therefore, we should

seek a solution that takes on constant values along the vertical lines

u = uy and that ¢*(u,v) should be a function of u alone. That is,
¢*(u,v) =Au+B,

for some real constant A and B.

The boundary conditions above lead to

B—lA—1
=3A=T
o 1 1—R {1 1 }
.-w(u,v)—Eu+§— e§+EW.

To find the solution of the original problem, we must substitute for u in

terms of x and y as follows:
2 2

N A )

sin“u  cos“u

Now, (2) is a hyperbola as shown

Y

—1 sinu U] sinu 1 &

Figurell: The z-plane.

AB = 2sinu. It is obvious that
n + 1, > 2sinu. ........ 3
2 2
Put sinu =t :xT—ly—_t: 1= x2(1—t) —y%t=1t—t2
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Therefore

2 +y2+ 1)) (2 +y2+ 1)? — 4x?
t — =
2 4
cAt=2x2+2y2+ 24+ /{x2+y2 +1—2xHx2+y2 + 1+ 2x}
=n?+nit2nn =0/ 1n)?
= 4sinfu = (r; £ 1,)%
s~ 2sinu =1 7.

In view of inequality (3), we reject the plus sign
. rn-n
asinu === 4)

A S
su=sinT (=——),

JOo+1)2+y2-[(x- 1)2+y2}

or u =sin™? { .

~ The solution is

1 /1y e+ D2+y2 = J(x—1)?% +y2
o=+ (o] : }-

Example: Use the appropriate transformation to solve the potential
problem shown below:

V2p=0inD ={z:|z| < 1}

@ =00ny, ={z:|z| =10 < argz < m}

Q@ =@poony ={z|z| =17 <argz < 2r}

y=Imzi

Figurel2: The unit circle |z|=1 in the z-plane

Note that ¢(x,y) may be a temperature distribution in D or an
electrostatic potential due to some distribution of electric charges or a
velocity potential where D is a fluid region which is incompressible.
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To solve the problem we employ the conformal transformation
w—1i
TwHi
This mapping maps the upper half of the w-plane onto the unit disc
(i.e., D* - D), on the other hand

wHiz=w—-—i=>w(l—-2)=i(1+2),

] i(1+2)
SW=u+iv=E——
1—2z
Ony,:z=¢€9%0<6<m,
[
i(1+ i) i<€2+€2) 2icos%0 —cos%@
Sw=utiv= 0 —if w 1, - 1, "
1-e ez —ez —2isinZ6  sinZ6
~2O0nyf:v=0,(—c0<u<0).
Ony,:z=e%,m<0<2n
1
—00559 T 0
s>w=—-7=2, -<-<m
2 2

.1
sin-6
2
sony;:v=00<u<oo,

By inspection, we see that

1
o= ‘Po{l - ;argW}.

1 v
r *= 1—=tan™?! —}.
0 % ‘Po{ —tan -
()
Vio=0 .
D
e
o =0 i
@
N 0
> —>
0 / U
— ¢ =w

Figurel3: The image of the circle in Fig. (11) in the w — plane.
1 v(x,y)
L= 1——tan™?! }
¢ <Po{ T u(x,y)
i(+xtiy)  i(Q+x+iy)(A-x+iy) _ —2y+i(1-x%2-y?)

Now w= 1-x—iy - (1-2x)%+y? - (1-x)%+y?
1 (1—-x%2-7v2)
. _ — Ztan-1 A

~o(xy) =@, {1 7Ttan o .
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III. CONCLUSIONS AND RECOMMENDATIONS

This part presents some conclusions derived from the conduct of the
study of conformal mappings. It also provides some recommendations
that can be followed when expanding the study.

CONCLUSION
From our modest study, we conclude the following:

e Conformal maps are transformations that preserve angles
between curves (angles between tangents) including their
orientation.

e Conformal maps are analytic functions whose derivatives do
not vanish in the domains of definition (i.e., locally univalent).

e If f is a conformal map from D onto D*, then f~1 (the inverse
map) is also a conformal map from D* onto D.

o The Schwarz-Christoffel transformation maps the interior of a
polygon, say in the w-plane, onto the upper half of the z-plane.

e The harmonicity of a function is preserved under conformal
maps.

e Conformal maps take complicated boundaries into simpler ones
sometimes.

e We can determine a harmonic potential by using a conformal
mapping that maps D onto D* where the solution of the problem
is easier to find.

RECOMMENDATIONS

This study dealt with the technique of conformal mapping without
using computer programs and numerical techniques. Thus, the
following recommendations are hereby presented :

e Since the study dealt with this technique without using
computer programs, a study should be attempted using these
programs.

o It is recommended that, numerical techniques should be used
in the study of conformal maps.
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